AΞi Π@—Λhi Lu¨ @h!i—t ı? —Ξi ‘ Lh*˙ ‘ ı̇ i ‘ iM

w@˙@Σ ˘ Σ ˙@4 ıU@?˙ ` ih?@h˙LΣ ˘ OΛMih4 @?

j ihL ¸ @*LΣ *—L+iti@hUΞ ßi?—ih

¸ @*LΣ *—LcßΣ befife

¨ @) Sc�bbb

Σ Mt— h@U—

‘ i t—Λ˙ıi˙ —Ξi t—@—ıt—ıUt ı? —Ξi ?Λ4 MihLufflıtı—Lht —Ltı—it Lu—Ξi ‘ Lh*˙ ‘ ı̇ i ‘ iMM) i @4 ı?ı?˝ Λt@˝i *L˝t ULfflihı?˝ L?i ΞΛ?˙hi˙ @?˙ —¯ i?—) —ΞLΛ´ t@?˙ tı—it˘ ‘ i uLΛ?˙ LΛ— —Ξ@— ML—Ξ ı? —Ξi U@ti Lu @**tı—it @?˙ tı—it ı? tTiUı�UU@—i˝Lhıitc—Ξi ˙ıt—hıMΛ—ıL? Lufflıtı—Lht Tih tı—i uL**L¯ t @Λ?ıffliht@* TL¯ ih *@¯ cUΞ@h@U—ihıt—ıULu¯ ı??ih´—@!i´@**4 @h!i—t˘ ‘ i ˙iffli*LTi˙ @˙)´ ?@4 ıU@*—ΞiLh) Lutı—i TLTΛ*@hı—) ¯ ΞıUΞ —@!it ı?—L @UULΛ?— —Ξi t—LUΞ@t—ıU ?@—Λhi LuΛtih ˙iUıtıL?t —L fflıtı— ˝ıffli? tı—it @t ¯ i**@t —Ξi u@U— —Ξ@— ?i¯ ih tı—it @hi @TTi@hı?˝ @— @? ifflih ı?Uhi@tı?˝ h@—i˘ AΞi 4 L˙i*@UULΛ?—t uLh —Ξi LMtihffli˙ TL¯ ih*@¯ MiΞ@fflıLh@?˙ ?@—Λh@**) ThLfflı̇ it —Ξi @4 T*ı�U@—ıL? u@U—Lh hitTL?tıM*i uLh —Ξi ı?Uhi@ti˙ TihuLh4 @?Ui Lu—Ξi —LT TihuLh4 iht˘

Wkh h–srqhqwldojurz wk ri wkh Z ruog Z lgh Z he +Z he,/ ghslfwhg lq I ljxuh 4/ kdvehhq dffrp sdqlhg e— d joredolqfuhdvhlq wkhqxp ehuri xvhuvri wkhLqwhu0 qhw1Z khuhdvlq 4¡¡9 wkhuh z huh 94 p loolrq xvhuv/ dwwkh forvh ri 4¡¡; ryhu47: p loolrq shrsoh kdg Lqwhuqhwdffhvvz ruogz lgh1E— wkh — hdu5333/ wkh qxp ehuri lqwhuqhwxvhuv lv h–shfwhg wr grxeoh djdlq wr 653 p loolrq^4‘1 Lq dgglwlrq wr wklv uhp dundeohjurz wk/ wkhZ he kdvsrsxodul˝hg hohfwurqlf frp p hufh/ dqg dvuhvxow dq lqfuhdvlqj vhj p hqwri wkh z ruog*v srsxodwlrq frqgxfwv frp p hufldowudqvdf0 wlrqv lq qryhoz d— v1 Fklhı— dp rqj wkhp duh wudqvdfwlrqv lqyroylqj lqwdqj leoh jrrgv vxfk dv hqwhuwdlqp hqw/ wudyho/ lqirup dwlrq dqg edqnlqj vhuylfhv/ dv rs0 srvhg wr wudqvdfwlrqvlq wkh wudglwlrqdohfrqrp — / z klfk duh p dgh xs ri p dvvlyh surgxfwvvxfk dvfrp sxwhuv/ errnvdqg fduv1 P ruhryhu/ wklvp dvvohvvhohfwurqlf frp p hufh lv frqgxfwhg rq d j oredovfdoh/ lq z klfk p dq— surylghuv glvwulexwhg ryhuvhyhudofrxqwulhvfdq eh dffhvvhg dwwkh folfn ri d exwwrq1Wkxv/ frqvxp huv fdq surfflwiurp lqfuhdvhg lqirup dwlrq derxwwkh surgxfwv wkh— sxufkdvh/ orz hu wudqvdfwlrq frvwv dqg sulfhv/ dqg d z lghu vhwri fkrlfhv wkdq wkrvh dydlodeoh lq wkh wudglwlrqdohfrqrp — 1

0 500000

1000000

1500000

2000000

2500000

3000000

3500000

Dec-91 May-93 Sep-94 Feb-96 Jun-97 Nov-98

I lj14 J urz wk ri wkh qxp ehuri Z he vhuyhuvryhuwlp h

Rq wkhvxsso— vlgh/ wkhZ he rffihuvsurylghuvdffhvvwr j oredop dunhwvz lwkrxw kdylqj wr lqfxu oduj h hqwu— frvwv ru kdylqj wr nhhs vl˝deoh lqyhqwrulhv1 Wklv juhdwrssruwxqlw— lv whp shuhg e— wkh lqfuhdvhg frp shwlwlrq wkdwfdq uhvxow iurp qhz frp huvfrqwlqxlqj wr rffihuqryhofrp elqdwlrqvri surgxfwvdqg z d— vri gholyhulqj wkhp 1 Wkh uhfhqwh–dp soh ri wkh iuhh glvwulexwlrq ri uhfrughg p xvlf ryhu wkh Lqwhuqhwe— qrq0wudglwlrqdouhfruglqj fflup v surylghv dq looxvwudwlrq ri wkh vshhg z lwk z klfk dq lqgxvwu— qhhgv wr dgdswwr qryho p hfkdqlvp v dqg whfkqrorjlhv lq rughuwr vxuylyh^5‘1

J lyhq wkhvh frqglwlrqv ri lp suryhg joredodffhvv dqg glyhuvh rffihulqj v/ lw lv ri lqwhuhvwwr fflqg rxwderxwwkh qdwxuh ri wkh p dunhwv wkdwduh p hgldwhg e— wkh Z he1 Z kloh lq wudglwlrqdohfrqrp lhv wudqvdfwlrq frvwv dqg jhrjudsk— frqvsluh wr vhjp hqwwkh p dunhwv vr wkdwwkh— fdwhu wr d orfdofrqvxp hu edvh/ rqh h–shfwv wkdwwkh j oredouhdfk ri wkh Z he frxog ohdg wr glffihuhqwp dunhw vkduh fkdudfwhulvwlfvrq wkh surylghuvlgh1Wkh glvwulexwlrq ri wkh p dunhwvkduh rq wkh Z he lv lqwhuhvwlqj erwk wr wkh hfrqrp lf wkhrulvwfrqwhp sodwlqj p dunhw hȷ flhqflhvdqg wkhh0frp p hufhsurylghufrqwhp sodwlqj wkhqxp ehuri fxvwrp huv wkh exvlqhvvz loodwwudfw1

Lq rughu wr dgguhvv wkh lvvxh ri p dunhwvkduh rq wkh Z he/ z h vwxglhg wkh glvwulexwlrq ri xvhuv dp rqj Z he vlwhv e— h–dp lqlqj xvdj h orj v iurp Dp hulfd Rqolqh +DRO,^6‘ fryhulqj 453/333 vlwhv1Xvhuvlq wklvfrqwh–wdfwdvsur–lhv iru hfrqrp lf dfwlylw— 1 Z h irxqg rxwwkdwerwk lq wkh fdvh ri doovlwhv dqg vlwhv lq vshflfflf fdwhjrulhv/ wkh glvwulexwlrq ri ylvlwruvshuvlwh iroorz vd xqlyhuvdosrz hu odz vlp lodu wr wkdwirxqg e— Sduhwr lq lqfrp h glvwulexwlrqv1 Wklv lp solhv wkdw d vp dooqxp ehuri vlwhvfrp p dqg wkh wudȷ f ri d oduj h vhj p hqwri wkh Z he srs0 xodwlrq/ d vlj qdwxuh ri z lqqhu0wdnh0doop dunhwv^7‘1Lq rughuwr h–sodlq wklvgdwd/ z h suhvhqwd g— qdp lfdowkhru— ri vlwh srsxodulw— z klfk wdnhv lqwr dffrxqwwkh vwrfkdvwlf qdwxuh ri xvhu ghflvlrqv wr ylvlwj lyhq vlwhv dv z hoodv wkh idfwwkdw qhz hu vlwhv duh dsshdulqj dwdq hyhu lqfuhdvlqj udwh1 Wkh p rghodffrxqwv iru wkhrevhuyhg srz huodz ehkdylrudqg qdwxudoo— surylghvwkhdp solfflfdwlrq idfwru uhvsrqvleoh iru wkh lqfuhdvhg shuirup dqfh ri wkh wrs shuirup huv1 Wkhvh uhvxowv vkrz wkdwd qhz o— hvwdeolvkhg vlwh z loo/ z lwk kljk suredelolw— / mrlq wkh udqnv ri vlwhv z klfk dwwudfwd kdqgixori ylvlwruv d gd— / z kloh z lwk dq h–wuhp ho— orz suredelolw— lwz loofdswxuh d vlj qlfflfdqwqxp ehu ri xvhuv1 Vxfk d glvsursruwlrq0 dwh glvwulexwlrq ri xvhu yroxp h dp rqj vlwhv lv fkdudfwhulvwlf ri z lqqhu0wdnh0doo p dunhwv/ z khuhlq wkhwrs ihz frqwhqghuvfdswxuhd vljqlfflfdqwsduwri wkhp dunhw vkduh1

Z hrewdlqhg wkhglvwulexwlrq ri xvhuvdp rqj vlwhviurp dffhvvorj vri d vxevhw ri DRO xvhuv dfwlyh Ghfhp ehu 4/ 4¡¡: 1 Wkh vxevhwfrp sulvhv 93/333 xvhuv df0 fhvvlqj 453/333vlwhv1D uht xhvwiruwkhgrfxp hqw%kwws=22z z z 1d1e1frp 2f2g1kwp o% z dv lqwhusuhwhg dv d uht xhvwiru wkh vlwh e1frp 1 Wklv ghfflqlwlrq ri d vlwh z dv fkrvhq lq devhqfh ri lqirup dwlrq derxwlqglylgxdovlwh frqwhqw1%d41e1frp %dqg %d51e1frp %kdyh d idlufkdqfh ri frqwdlqlqj uhodwhg lqirup dwlrq dqg khqfh z huh frqvlghuhg d vlqj oh vlwh1 Vlwhv %e41frp %dqg %e51frp %p lj kwfrp sulvh d vlq0 joh frqfhswxdo vlwh/ exwz huh frxqwhg vhsdudwho— 1 I xuwkhu/ ylvlwv wr p xowlsoh grfxp hqwv z lwklq wkh vdp h vlwh ru p xowlsoh ylvlwv wr wkh vdp h grfxp hqwz huh frxqwhg rqo— rqfh1 Wkxv z h uhodwh wkh srsxodulw— ri d vlwh wr wkh qxp ehu ri xqlt xh ylvlwruvlwuhfhlyhg lq rqh gd— 1Wdeoh 41vkrz vwkh shufhqwdj h ri yroxp h +p hdvxuhg lq xqlt xh ylvlwruv, dffrxqwhg irue— wkh wrs vlwhv1

( yroxp h e— xvhu ( vlwhv doovlwhv dgxowvlwhv hgxfdwlrqdovlwhv 314 65169 417 51; 4 4 88196 481; 6 561:9 8 :71;4 741: 8 8¡183 43 ;5159 8¡15¡ : 717; 83 ¡71¡5 ¡31: 9 ¡91;; Wdeoh14 Glvwulexwlrq ri xvhuyroxp h dp rqj vlwhv

Wkh wrs 44¡ +wrs 314( , vlwhv/ h–foxglqj DRO lwvhoi/ fdswxuh d z krsslqj 65169( ri xvhuyroxp h1Wkh wrs 4( ri vlwhvfdswxuh p ruh wkdq kdoi ri wkh wrwdo yroxp h1Wkhwrs vlwhz dv— dkrr1frp 1I lj xuh5 vkrz vd klvwrj udp ri wkhqxp ehu ri vlwhvz lwk hdfk sduwlfxoduqxp ehuri xqlt xhylvlwruv1I ljxuh6 lvd glvwulexwlrq ri wkh qxp ehu ri xvhuv shu vlwh/ rewdlqhg e— elqqlqj wkh klvwrjudp lq I ljxuh 5 dqg fflwwlqj lwz lwk d vwudljkwolqh1D vwudlj kwolqh fflwrq d orj0orj vfdoh lp solhvd srz huodz glvwulexwlrq lq wkh qxp ehuri xvhuvshu vlwh1

10^0 10^1 10^2 10^3 10^4 10^5

10^0

10^1

10^2

10^3

10^4

10^5

nu m be r of s ite s

number of users

I lj 51Rffxuhqfh ri vlwhv e— srsxodulw—

10^0 10^1 10^2 10^3 10^4 10^5

10^{-10}

10^{-8}

10^{-6}

10^{-4}

10^{-2}

10^0

number of users pr op or tio n of s ite s

I lj 16 Wkh sursruwlrq ri vlwhve— srsxodulw— z dv rewdlqhg e— elqqlqj wkh gdwd vkrz q lq fflj xuh 51Wkh fflwvkrz q lvd srz huodz glvwulexwlrq1

Lq rughuwr frqwuroiruglffihuhqfh lq nlqg dqg ixqfwlrq ri vlwhv/ z h orrnhg iru xqht xdoglvwulexwlrq ri yroxp h z lwklq fdwhjrulhv ri vlwhv z klfk z h h–shfwhg wr kdyh vlp lodufrqwhqw1Wkh wz r fdwhjrulhv z h fkrvh z huh dgxowdqg 1hgx grp dlq vlwhv1Dgxowvlwhvz huhdvvxp hg wr rffihud vhohfwlrq ri lp dj hvdqg rswlrqdoo— ylghr dqg fkdw1Hgxfdwlrqdogrp dlq vlwhvz huh dvvxp hg wr frqwdlq lqirup dwlrq derxw dfdghp lfv dqg uhvhdufk dv z hoodv shuvrqdokrp hsdjhv ri vwxghqwv/ vwdffi/ dqg idfxow— / z klfk frxog fryhudq— udqj h ri kxp dq lqwhuhvw1Djdlq/ wkh glvwulexwlrq ri ylvlwv dp rqj vlwhv z dv xqht xdo1 9/948 dgxowvlwhv z huh vdp sohg e— nh— z rugv lq wkhlu qdp h1 Wkh wrs vlwh fdswxuhg 417( ri wkh yroxp h wr dgxowvlwhv/ z kloh wkh wrs 43( dffrxqwhg iru 93( ri wkh yroxp h1 Vlp loduo— / ri wkh 1hgx vlwhv/ wkh wrs vlwh/ xp lfk1hgx/ khog 51;4( ri wkh yroxp h/ z kloh wkh wrs 8( dffrxqwhg iru ryhu 93 shufhqwri wkh ylvlwru wudȷ f1 I lj xuh 7 vkrz v d wkh elqqhg dqg fflwwhg glvwulexwlrqviruerwk dgxowdqg 1hgx vlwhv1

10^0 10^1 10^2 10^3

10^{-6}

10^{-5}

10^{-4}

10^{-3}

10^{-2}

10^{-1}

10^0

number of users pr op or tio n of s ite s

.edu data .edu fit adult data adult fit

I lj17 Glvwulexwlrqvri xvhuv dp rqj 1hgx dqg dgxowvlwhv1

Lq wkh uhp dlqghu ri wkh sdshu z h ghyhors d wkhru— ri vwrfkdvwlf j urz wk g— qdp lfv iru Z he xvdj h z klfk suhglfwv ri wkh srz hu odz ehkdylru revhuyhg lq wkh deryh gdwd dqdo— vlv1 Lq ghyhorslqj dq hyroxwlrqdu— wkhru— ri wkh j urz wk ri srsxodulw— ri Z he vlwhv/ z h ffluvwfrqvlghu wkh qxp ehu ri xvhuv iuht xhqwlqj d jlyhq vlwh dv d ixqfwlrq ri wlp h1 Z h fodlp wkdwwkh glffihuhqfh lq wkh qxp ehu ri ylvlwruv dwd vlwh lq wz r vxffhvvlyh wlp h shulrgv lv sursruwlrqdowr wkh wrwdo qxp ehu ri ylvlwruv wr wkdwvlwh1 D oduj h vlwh z lwk wkrxvdqgv ri xvhuv p lj kw ıxfwxdwh e— kxqguhgvri ylvlwvrq dq— j lyhq gd— / z kloh d vp doovlwh z lwk gr˝hqv ri xvhuvp ljkwh–shulhqfh d ihz ylvlwvp ruh ruohvv1Wkxv/ li q_v+w, lvwkh qxp ehu ri ylvlwruvwr d vlwhv dwwlp hw/ wkhqxp ehudwwkhqh–wlqwhuydori wlp h/ q_v+w. 4,/ lvghwhup lqhg e—

q_v+w. 4, @q_v+w, . j +w. 4,q_v+w, +4,

z khuh j +w,lv wkh j urz wk udwh1 J lyhq wkh xqsuhglfwdeoh fkdudfwhu ri vlwh xvhu srsxodwlrq j urz wk/ z h dvvxp h wkdwj +w, ıxfwxdwhv lq dq xqfruuhodwhg idvklrq iurp rqh wlp h lqwhuydowr wkh rwkhu derxwd srvlwlyh p hdq ydoxh j_31 Lq rwkhu z rugv

j +w, @j_3 . σ+w, +5,

z lwk wkh ıxfwxdwlrqv lq j urz wk/ σ+w,>ehkdylqj lq vxfk d z d— wkdw⋆ σ+w, A@3 dqg ⋆ σ+w,σ+w. 4, A@ 5ϕη_{w>w. 4}/ l1h1 wkh— duh ghowd fruuhodwhg dqg z lwk ˝hur p hdq1 Wklv dvvxp swlrq z dv frqfflup hg e— d vwxg— ri wkh xvdjh ri wkh [ hur–

Frus1 Z he vlwh/ z krvh ıxfwxdwlrqv lq j urz wk duh sorwwhg lq I ljxuh 81 Wkh z hhno— ıxfwxdwlrqv lq wkh jurz wk udwh z huh irxqg wr eh xqfruuhodwhg dwwkh ¡8( frqfflghqfh ohyho1

0 5 10 15 20 25 30 35 40 45 50

-0.25

-0.2

-0.15

-0.1

-0.05 0 0.05 0.1 0.15 0.2 0.25

week in 1998 fr ac tio na li nc re as e in th e nu m be r of u se rs

I lj18 I udfwlrqdoıxfwxdwlrqvlq wkh qxp ehu ri xvhuv dwwkh [ hur– z he vlwh1

Z h rewdlq wkh glvwulexwlrq ri wkh qxp ehu ri xvhuv shu vlwh e— frqvlghulqj wkdwwkh glvwulexwlrq ri xvhuv dwd vlwh wr eh frp sohwho— ghwhup lqhg e— lwv djh/ δ/ lwv p hdq j urz wk udwh j_3/ dqg wkh yduldqfh ri lwv xvdjh ıxfwxdwlrqv ϕ^51 Lq rxu dqdo— vlv z h p dnh xvh ri p l–wxuhv ri glvwulexwlrqv1 Li wkh glvwulexwlrq ri ı/ s+ı>ζ,/ ghshqgv rq wkh sdudp hwhu ζ/ z klfk lq wxuq lv glvwulexwhg dffruglqj wr lwv rz q glvwulexwlrq u+ζ,/ wkhq wkh glvwulexwlrq ri ı/ lv jlyhq e— s+ı, @ ⊎ s+ı>ζ,u+ζ,gζ1 I luvwghulyh wkh glvwulexwlrq kroglqj δ/ j_3/ dqg ϕ^5 ffl–hg1 Z h wkhq frp sxwh wkh p l–wxuh ryhu wkh glvwulexwlrq ri vlwh djhv δ1 I lqdoo— / z h frp sxwh wkh p l–wxuh ryhu j_3 dqg ϕ^5/

Wr rewdlq wkh glvwulexwlrq ri xvhuvshuvlwh irud ffl–hg δ/ j_3/ dqg ϕ^5/ z h vxp Ht 1+4, wr j hw W⋃ w@3 q_v+w. 4, ∗ q_v+w, q_v+w, @ W⋃ w@3 j +w, +6,

Fkdqj lqj wkh vxp wr dq lqwhjudo+z klfk dvvxp hv wkdwwkh glffihuhqfhv lq xvhu srsxodwlrqv ehwz hhq wz r wlp h vwhsv lvvp doo, z h rewdlq ⊎_W 3 gq_v q_v @oq q+W, q_v+3, @ W⋃ w@3 j +w, +7,

:

Qrwlfh wkdwwkh uljkwkdqg vlgh ri Ht 1 +7, lv d vxp ryhuglvfuhwh wlp h vwhsv/ dw hdfk ri z klfk z hdvvxp hwkhydoxhvri j wr ehqrup doo— glvwulexwhg z lwk p hdq j_3 dqg yduldqfhϕ^51Wklvfruuhvsrqgvwr d Eurz qldq p rwlrq surfhvvz lwk vwdwlrqdu— dqg lqghshqghqwlqfuhp hqwv1 E— lqyrnlqj wkh FhqwudoOlp lwWkhruhp z h fdq dvvhuwwkdwiru hyhu— wlp h vwhs w/ wkh orj dulwkp ri q_v lv qrup doo— glvwulexwhg z lwk p hdq j_3wdqg yduldqfh ϕ^5ŵ9‘^:‘1 Wklv p hdqv wkdwwkh glvwulexwlrq ri wkh qxp ehuri ylvlwruvwr vlwhvfuhdwhg dwwkh vdp h wlp h dqg z lwk wkh vdp h dyhudjh jurz wk udwh lvorj0qrup dô; ‘/ l1h/ lwvghqvlw— lv jlyhq e—

S+q_v, @ 4 q_v ∫ w ∫ 5τϕ^5 h–s ∗^

+oqq_v ∗ j_3w,^5 5ϕ^5w

‘ +8,

z khuh wkhwlp hghshqghqwguliwj_3wlvwkh p hdq ri oqq_v / uhıhfwlqj wkhidfwwkdw/ ryhu wlp h/ vlwh xvdj h lqfuhdvhv rq dyhudj h1 Wkh yduldqfh ri wklv glvwulexwlrq lv uhodwhg wr wkh p hgldq p @h–s+j_3w, e— Ydu+q_v, @p^5 h–s ] wϕ^5 ⌊ +h–s ] wϕ^5 ⌊ ∗ 4,/ Vrp h lqvlj kwlqwr wkh g— qdp lfvri xvdjh j urz wk fdq eh rewdlqhg e— qrwlflqj wkdwwkh vwrfkdvwlf glffihuhqwldoht xdwlrq dvvrfldwhg z lwk Ht 1+4,/ z klfk lvjlyhq e— gq_v gw @ĵ_3 . σ+w,‘q_v +9,

fdq eh vroyhg h–dfwo— ^¡‘1Wkh vroxwlrq lv wkh vwrfkdvwlf j urz wk surfhvv

q_v+w, @q_v+3, h–s +j_3w. z_w, +: ,

z khuh z_w lv d Z lhqhu surfhvv vxfk wkdw⋆ z_w A@ 3 dqg ⋆ z^5_w A@ h–s ϕ^5w1 Ht xdwlrq +: , vkrz v wkdww— slfdoıxfwxdwlrqv lq wkh jurz wk ri wkh qxp ehu ri xvhuv dz d— iurp wkhlu p hdq udwh j_3 uhod– h–srqhqwldoo— wr ˝hur1 Rq wkh rwkhu kdqg/ wkhq^{wk} p rp hqwvri q_v / z klfk duhuhodwhg wr wkhsuredelolw— ri yhu— xqolnho— hyhqwv/ jurz lq wlp h dv ⋆ q_v+w,^q A@q̂_v+3,‘^q h–sq̂+q ∗ ϕj_3w‘ / lqglfdwlqj wkdw wkhp dunhwg— qdp lfvri wkhz he lvgrp lqdwhg e— rffdvlrqdoexuvwvlq z klfk odujh qxp ehuri xvhuvduh vxgghqo— gudz q wr jlyhq vlwh1Wkhvh exuvwvduh uhvsrqvleoh iruwkhorqj wdlori wkhsuredelolw— glvwulexwlrq dqg p dnhdyhudjhehkdylrughsduw iurp w— slfdouhdol˝dwlrqv^43‘1

Qh–wz h idfwru lq wkh idfwwkdwwkh glvwulexwlrq ri wkh qxp ehu ri xvhuv ri d vlwh ghshqgvrq wkh wlp h wkdwkdvhodsvhg vlqfh wkdwvlwh z dvfuhdwhg1Vlqfh wkh qxp ehuri vlwhvlq wkhZ he kdvgrxeohg rq dyhudj hhyhu— vl– p rqwkv/ qhz huvlwhv duhp ruh qxp hurxvwkdq roghurqhv1Wkhuhiruh wkh glvwulexwlrq ri xvhuvshuvlwh/ irudoovlwhvri d jlyhq jurz wk udwh uhj dugohvvri djh/ lv d p l–wxuh ri orjqrup dov jlyhq e— Ht xdwlrq +8,/ z krvh dj h sdudp hwhuδ lvz hlj kwhg h–srqhqwldoo— 1Wkxv/ lq rughu wr rewdlq wkh wuxh glvwulexwlrq ri xvhuv shu vlwh wkdwjurz dwwkh vdp h jurz wk udwh/ z h qhhg wr frp sxwh wkh p l–wxuh jlyhq e—

S+q_v, @ ⊎ ξ h–s+ξδ, 4 q_v ∫ 5τδϕ^5 h–s ∗^

+oqq_v ∗ j_3δ,^5 5wϕ^5 ‘gδ +; ,

z klfk fdq eh fdofxodwhg dqdo— wlfdoo— wr j lyh

S+q_v, @Fq^{∗ ϵ}_v +¡,

;

z khuh wkh frqvwdqwF lvjlyhq e— F @ξ∂ϕ+ √ +j_3∂ϕ,^5 . 5ξ, dqg wkh h–srqhqwϵ

lvlq wkh udqjh ^4>△ ‘ dqg ghwhup lqhg e— ϵ @4∗^{j 3}_{ϕ 5} .

∫_{j 53 . 5ξϕ 5}

ϕ^5 1Z h fflqg wkdw

wklvudqj h ri ydoxhviruϵ lvfrqvlvwhqwz lwk rxugdwd dqdo— vlvlq z klfk z h irxqg wkdwϵ_{hgx} @4/78/ ϵ_{dgxow}@4/98/ ϵ_{ryhudoo} @5/3: 1 J lyhq wkhvh uhvxowv/ rqh z rxog h–shfwwkdwwkh roghvwvlwhv duh wkh p rvw grp lqdqwrqhv1 Exwwkh p hdvxuhp hqwv vkrz wkdwvlwh srsxodulw— dqg djh duh rqo— volj kwo— fruuhodwhg1 I ru h–dp soh wkh vhyhqwk p rvwsrsxodu dgxowvlwh z dv rqo— fuhdwhg irxup rqwkvsulruwr rxup hdvxuhp hqwv0idluo— — rxqj/ hyhq e— Z he vwdqgdugv1 Fohduo— / dvvxp lqj wkh vdp h j urz wk udwh iru doovlwhv lv lqvxȷ flhqw dqg khqfh z h qhhg wr wdnh lqwr dffrxqwglffihuhqfhvlq wkh p hdq dqg yduldqfh ri wkh lqfuhdvh lq srsxodulw— ri Z he vlwhv/ vlqfh vr iduwkh glvwulexwlrq lv ydolg iru d vlqjoh j urz wk udwh j @j +j_3>ϕ,1

I dfwruv dffihfwlqj d vlwh*v j urz wk udwh p ljkwlqfoxgh qdp h uhfrj qlwlrq/ dg0 yhuwl˝lqj exgj hwvdqg vwudwhjlhv/ xvhixoqhvvdqg hqwhuwdlqp hqwydoxh ri wkh vlwh/ dqg hdvh z lwk z klfk qhz xvhuvfdq glvfryhuwkh vlwh/ wr qdp h d ihz 1 Vlqfh hdfk jurz wk udwh rffxuvz lwk d sduwlfxodusuredelolw— S+j ,/ dqg j lyhvulvh wr d srz hu odz glvwulexwlrq lq wkh qxp ehu ri xvhuv shu vlwh z lwk d vshflfflf h–srqhqw/ wkh suredelolw— wkdwd jlyhq vlwh z lwk dq xqnqrz q jurz wk udwh kdvq_v xvhuvlvjlyhq e— wkh vxp / ryhudooj urz wk udwhvj / ri wkh suredelolw— wkdwwkh vlwh kdvvr p dq— xvhuvj lyhq j / p xowlsolhg e— wkh suredelolw— wkdwd vlwh*vj urz wk udwh lvj / l1h1

S+q_v, @ ⋃ l S+q_v⇕j_l,S+j_l, +43,

Vlqfh z h kdyh douhdg— vkrz q wkdwhdfk sduwlfxodu j urz wk udwh j lyhv ulvh wr d srz huodz glvwulexwlrq z lwk d vshflfflf ydoxh ri wkh h–srqhqwϵ+j ,/ wklvvxp lvri wkh irup

S+q_v, @ f_4 q^{ϵ 4}v . f_5 q^{ϵ 5}v . ///. f_q q^{ϵ q}v +44,

z klfk/ iru odujh ydoxhv ri q_v ehkdyhv olnh d srz hu odz z lwk dq h–srqhqwjlyhq e— wkh vp doohvwsrz hu suhvhqwlq wkh vhulhv1

Z hwkxvrewdlq wkhyhu— j hqhudouhvxowwkdwwkhp dunhwg— qdp lfvri wkhZ ruog Z lgh Z he j lyhv ulvh wr dq dv— p swrwlf vhoi vlp lodu vwuxfwxuh lq z klfk wkhuh lv qr qdwxudovfdoh/ z lwk wkh qxp ehu ri xvhuv shu vlwh glvwulexwhg dffruglqj wr d srz huodz 1Wklvlp solhvwkdwrq d orj0orj vfdoh/ wkh qxp ehuri xvhuvshuvlwh/ iru odujh q/ vkrxog idoorq d vwudljkwolqh1 Z h srlqwrxwwkdwvlqfh vp dooydoxhv ri q_v olh rxwvlgh wkh vfdolqj uhjlp h/ rxu wkhru— grhv qrwh–sodlq wkh gdwd rq vlwhv z lwk ihz xvhuv1 D frqvht xhqfh ri wkh xqlyhuvdolw— ri rxusuhglfwlrq/ lv wkdwwkh vdp h srz huodz ehkdylruz looeh vhhq dvp ruh vlwhv duh fuhdwhg1 Lq vxp p du— / z hsuhvhqwhg hp slulfdogdwdrq wkhqdwxuhri p dunhwvlq wkhZ he wkdwvkrz vwkdwwkh z lqqhu0wdnh doo0skhqrp hqrq lvshuydvlyh ryhuwkrxvdqgvri vlwhv dqg sduwlfxodu grp dlqv1 Wklv lp solhv wkdwvlwhv duh uhz dughg e— uhodwlyh shuirup dqfhudwkhuwkdq devroxwhshuirup dqfh1Dvd uhvxow/ wkhuhz dugvwhqg wr eh frqfhqwudwhg lqwr d ihz ri wkh vlwhvsurylglqj wkh vdp h vhuylfh/ wkxvohdglqj wr yhu— oduj h glffihuhqfh lq xvhu ylvlwv wr vlwhv z lwk vlp lodu rffihulqjv1 Z h dovr ¡ ghyhorshg d vwrfkdvwlf wkhru— ri wkh xvdjh g— qdp lfvri wkh Z he wkdwwdnhvlqwr dffrxqwwkhz lghudqj hri j urz wk udwhvlq wkhqxp ehuri xvhuvshuvlwh/ dvz hoodv wkhidfwwkdwqhz vlwhvduhfuhdwhg dwglffihuhqwwlp hvlq wkhxqiroglqj vwru— ri wkh Z he1 Wklv ohg wr wkh suhglfwlrq ri d xqlyhuvdosrz hu odz lq wkh glvwulexwlrq ri wkhqxp ehuri xvhuvshuvlwh/ z klfk dj uhhvz lwk gdwd iurp d sruwlrq ri DROorjv/ erwk iruvlwhvryhudoo/ dqg dgxowdqg hgxfdwlrqdovlwhvvhsdudwho— 1Wkh h–lvwhqfh ri wklv srz hu odz lp solhv wkh odfn ri dq— ohqjwk vfdoh iru xvhu srsxodwlrqv rq wkh Z he1 Wklv lv — hwd dqrwkhu h–dp soh ri wkh vwurqj uhj xodulwlhv^44‘ wkdwduh uhyhdohg lq vwxglhvri wkh Z he/ dqg z klfk ehfrp h dssduhqwehfdxvh ri lwvvkhhu vl˝h dqg uhdfk1

Dfnqrz ohgj hp hqw4 Z h wkdqn Mlp Slwnrz iru surylglqj gdwd iru rxu dqdo0 — vlv/ dqg Udmdq Oxnrvh iru p dq— xvhixoglvfxvvlrqv1 Wklv zrun zdv sduwldoo— vxssruwhg e— QVI judqwLUL0¡948441

+ i ui hi ?Ui t

^4‘ z z z 1f0l0d1frp 24¡¡¡35lx1kwp

^5‘ J urvvp dq/ Z 1P / F— ehuylhz / Vflhqwlfflf Dp hulfdq/ 5; 3/ 6; +4¡¡¡,1

^6‘ z z z 1dro1frp

^7‘ I udqn/ UrehuwK1dqg Frrn/ Sklols M1Wkh Z lqqhu0wdnh0dooVrflhw— / I uhh Suhvv/ Qhz “ run/ Q“ 4¡¡81

^8‘ Odz uhqfh/ V1dqg J lohv/ O1/ Vflhqfh 5; 3/ ¡40¡7 +4¡¡;,1

^9‘ Urvv/ V1P 1Vwrfkdvwlf Surfhvvhv/ Mrkq Z loh— +4¡¡9,1

^: ‘ Dwkuh— d/ N1 E1 dqg Qh— / S1 H1 Eudqfklqj Surfhvvhv/ +Vsulqj hu0Yhuodj / 4¡: 5,1

^; ‘ Furz / H1O1dqg Vklp l˝x/ N1Orj qrup doGlvwulexwlrqv=Wkhru— dqg Dssol0 fdwlrqv/ P dufhoGhnnhu/ +4¡; ;,1

^¡‘ Vwudwrqrylfk/ U1O1Wrslfv lq wkh Wkhru— ri Udqgrp Qrlvh +J rugrq dqg Euhdfk/ Qhz dun/ QM/ 4¡9: ,1

^43‘ Ohz rqwlq/ U1F1 dqg Frkhq/ G1 Surf1 Qdwo1 Dfdg1 Vfl1 X1V1D195/ 4389 +4¡9¡,1

^44‘ Kxehup dq/ E1D1/ Slurool/ S1Slwnrz / Mdqg Oxnrvh/ U1P 1Vflhqfh 5; 3/ ¡80¡: +4¡¡;,1

43