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Wkh Zruog Zlgh Zhe +Zhe, kdv ehfrph lq d yhu| vkruw shulrg rqh ri wkh
prvw xvhixo vrxufhv ri lqirupdwlrq iru d odujh sduw ri wkh zruog*v srsxodwlrq1 Lwv
h{srqhqwldo jurzwk/ dv vkrzq lq Iljxuh 4/ iurp d ihz vlwhv lq 4<<7 wr ploolrqv
wrgd|/ kdv wudqviruphg lw lqwr dq hfrorj| ri nqrzohgjh lq zklfk kljko| glyhuvh
lqirupdwlrq lv olqnhg lq h{wuhpho| frpsoh{ dqg duelwudu| idvklrq +4,1 Pruhryhu/
vhyhudo hvwlpdwhv ri wkh wrwdo qxpehu ri sdjhv +5, lqglfdwh wkdw gxh wr wkh udslg
jurzwk ri wkh Zhe/ prvw vhdufk hqjlqhv duh rqo| �qglqj d iudfwlrq ri doo wkh
dydlodeoh vlwhv +5,1
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Iljxuh4= Wkh jurzwk ri wkh Zruog Zlgh Zhe

Zkloh wklv jurzwk dw �uvw vljkw pd| dsshdu wr eh wrwdoo| kdskd}dug/ lw lv
fkdudfwhul}hg e| d qxpehu ri uhjxodu ihdwxuhv zklfk zh xqfryhu lq wklv zrun1
Lq sduwlfxodu/ zh vkrz wkdw d wkhru| ri vwrfkdvwlf jurzwk g|qdplfv iru wkh
Zhe ohdgv wr wkh suhglfwlrq ri d xqlyhuvdo srzhu odz lq wkh glvwulexwlrq ri
wkh qxpehu ri sdjhv shu vlwh1 Wkh suhglfwlrq zdv frq�uphg h{shulphqwdoo| e|
dqdo|}lqj gdwd iurp wzr odujh fudzov e| wkh vhdufk hqjlqhv Doh{d dqg Lqirvhhn1
Wkh h{lvwhqfh ri wklv srzhu odz qrw rqo| lpsolhv wkh odfn ri dq| ohqjwk vfdoh iru
wkh Zhe/ exw dovr doorzv rqh wr ghwhuplqh wkh h{shfwhg qxpehu ri vlwhv ri dq|
odujh vl}h zlwkrxw kdylqj wr h{kdxvwlyho| fudzo wkh Zhe1

Lq rughu wr ghyhors dq hyroxwlrqdu| wkhru| ri wkh jurzwk ri wkh Zhe/ zh �uvw
frqvlghu wkh qxpehu ri sdjhv ehorqjlqj wr d jlyhq vlwh dv d ixqfwlrq ri wlph1
Vlqfh sdjhv zlwklq vlwhv duh w|slfdoo| rujdql}hg lq klhudufklfdo/ wuhh0olnh/ idvklrq/
wkh qxpehu ri sdjhv dgghg dw dq| jlyhq wlph wr d vlwh zloo eh sursruwlrqdo wr
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wkrvh douhdg| h{lvwlqj wkhuh1 Wkxv/ li qv+w, lv wkh qxpehu ri sdjhv ehorqjlqj wr d
vlwh v dw wlph w/ wkh qxpehu dw wkh qh{w lqwhuydo ri wlph/ qv+w.4,/ lv ghwhuplqhg
e|

qv+w.4, @ qv+w, . j+w.4,qv+w, +4,

zkhuh j+w,lv wkh jurzwk udwh1 Jlyhq wkh xqsuhglfwdeoh fkdudfwhu ri vlwh jurzwk/
zh dvvxph wkdw j+w, �xfwxdwhv lq dq xqfruuhodwhg idvklrq iurp rqh wlph lqwhuydo
wr wkh rwkhu derxw d srvlwlyh phdq ydoxh j31 Lq rwkhu zrugv

j+w, @ j3 . �+w, +5,

zlwk wkh �xfwxdwlrqv lq jurzwk/ �+w,>ehkdylqj lq vxfk d zd| wkdw ? �+w, A@ 3
dqg ? �+w,�+w . 4, A@ 5��w>w.4/ l1h1 wkh| duh ghowd fruuhodwhg dqg zlwk }hur
phdq1 Wklv dvvxpswlrq zdv frq�uphg e| d vwxg| ri wkh jurzwk ri wkh [hur{
Frus1 Zhe vlwh/ zkrvh �xfwxdwlrqv lq jurzwk duh sorwwhg lq Iljxuh 51 Shduvrq*v
fruuhodwlrq whvw dffhswv dw wkh 3138 ohyho +zlwk s0ydoxh 31:4, wkh k|srwkhvlv wkdw
wkh gd| wr gd| �xfwxdwlrqv lq wkh jurzwk udwh duh xqfruuhodwhg1
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Iljxuh 5= Udwh ri jurzwk ri wkh Zhe vlwh iru wkh [hur{ Frusrudwlrq1

Lq rughu wr rewdlq wkh glvwulexwlrq ri sdjhv shu vlwh/ zh vxp Ht1 +4, wr jhw
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Fkdqjlqj wkh vxp wr dq lqwhjudo +zklfk dvvxphv wkdw wkh gl�huhqfhv lq sdjhv
ehwzhhq wzr wlph vwhsv lv vpdoo, zh rewdlq

] W

3

gqv
qv

@ oq
q+W ,

qv+3,
@

W[
w@3

j+w, +7,

Qrwlfh wkdw wkh uljkw kdqg vlgh ri Ht1 +7, lv d vxp ryhu glvfuhwh wlph vwhsv/ dw
hdfk ri zklfk zh dvvxph wkh ydoxhv ri j wr eh qrupdoo| glvwulexwhg zlwk phdq j3
dqg yduldqfh �51 Wklv fruuhvsrqgv wr d Eurzqldq prwlrq surfhvv zlwk vwdwlrqdu|
dqg lqghshqghqw lqfuhphqwv1 E| lqyrnlqj wkh Fhqwudo Olplw Wkhruhp zh fdq
dvvhuw wkdw iru hyhu| wlph vwhs w/ wkh orjdulwkp ri qv lv qrupdoo| glvwulexwhg
zlwk phdq j3w dqg yduldqfh �5w+6/7,1 Wklv phdqv wkdw wkh glvwulexwlrq ri wkh
qxpehu ri sdjhv iru vlwhv fuhdwhg dw wkh vdph wlph dqg zlwk wkh vdph dyhudjh
jurzwk udwh lv orj0qrupdo +8,/ l1h/ lwv ghqvlw| lv jlyhq e|

S +qv, @
4

qv
s
w
s
5��5

h{s�^+oqqv � j3w,
5

5�5w
` +8,

zkhuh wkh wlph ghshqghqw guliw j3w lv wkh phdq ri oqqv / uh�hfwlqj wkh idfw
wkdw dv wlph jrhv rq wkhuh duh pruh sdjhv dgghg rq dyhudjh wkdq ghohwhg1
Wkh yduldqfh ri wklv glvwulexwlrq lv uhodwhg wr wkh phgldq p @ h{s+j3w, e|
Y du+qv, @p5 h{s

�
w�5
�
+h{s

�
w�5
� � 4,=

Vrph lqvljkw lqwr wkh g|qdplfv ri wklv jurzwk fdq eh rewdlqhg e| qrwlflqj
wkdw wkh vwrfkdvwlf gl�huhqwldo htxdwlrq dvvrfldwhg zlwk Ht1 +4,/ zklfk lv jlyhq
e|

gqv
gw

@ ^j3 . �+w,`qv +9,

fdq eh vroyhg h{dfwo|+9,1 Wkh vroxwlrq lv wkh vwrfkdvwlf jurzwk surfhvv

qv+w, @ qv+3, h{s +j3w. zw, +:,

zkhuh zw lv d Zlhqhu surfhvv vxfk wkdw ? zw A@ 3 dqg ? z5
w A@ h{s�5w1

Htxdwlrq +:, vkrzv wkdw w|slfdo �xfwxdwlrqv lq wkh jurzwk ri wkh qxpehu ri
sdjhv dzd| iurp wkhlu phdq udwh j3 uhod{ h{srqhqwldoo| wr }hur1 Rq wkh rwkhu
kdqg/ wkh qwkprphqwv ri qv / zklfk duh uhodwhg wr wkh suredelolw| ri yhu| xqolnho|
hyhqwv/ jurz lq wlph dv ? qv+w,

q A@ ^qv+3,`
q h{s^q+q � �j3w` / lqglfdwlqj wkdw

wkh hyroxwlrqdu| g|qdplfv ri wkh zhe lv grplqdwhg e| rffdvlrqdo exuvwv lq
zklfk odujh qxpehu ri sdjhv vxgghqo| dsshdu dw d jlyhq vlwh1 Wkhvh exuvwv duh
uhvsrqvleoh iru wkh orqj wdlo ri wkh suredelolw| glvwulexwlrq dqg pdnh dyhudjh
ehkdylru wr ghsduw iurp w|slfdo uhdol}dwlrqv+:,1

Lq rughu wr frqvlghu wkh hyroxwlrqdu| g|qdplfv ri wkh zkroh Zhe/ lw lv lp0
sruwdqw wr qrwlfh wkdw wkh glvwulexwlrq ri wkh qxpehu ri sdjhv ghshqgv rq wkh
wlph wkdw kdv hodsvhg vlqfh wkh vlwh zdv fuhdwhg1 Vlqfh wkh qxpehu ri vlwhv lq
wkh Zhe kdv grxeohg rq dyhudjh hyhu| vl{ prqwkv/ qhzhu vlwhv duh pruh qxphu0
rxv wkdq roghu rqh/ dqg wkhuhiruh wkh glvwulexwlrq ri sdjhv shu vlwh/ iru doo vlwhv
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ri d jlyhq jurzwk udwh uhjdugohvv ri djh/ lv d pl{wxuh ri orjqrupdov jlyhq e|
Htxdwlrq +8,/ zkrvh djh sdudphwhu w lv zhljkwhg h{srqhqwldoo|1 Wkxv/ lq rughu
wr rewdlq wkh wuxh glvwulexwlrq ri sdjhv shu vlwh wkdw jurz dw wkh vdph jurzwk
udwh/ zh qhhg wr frpsxwh wkh pl{wxuh jlyhq e|

S +qv, @

]
� h{s+�w,

4

qv
s
5�w�5

h{s�^ +oqqv � j3w,
5

5w�5
`gw +;,

zklfk fdq eh fdofxodwhg dqdo|wlfdoo| wr jlyh

S +qv, @ Fq��v +<,

zkhuh wkh frqvwdqw F lv jlyhq e| F @ �@�+
s
+j3@�,5 .5�, dqg wkh h{srqhqw �

lv lq wkh udqjh ^4>4` dqg ghwhuplqhg e| � @ 4� j3
�5

.

s
j5
3
.5��5

�5
1

Odvwo| zh qhhg wr wdnh lqwr dffrxqw gl�huhqw jurzwk udwhv iru vlwhv ri wkh
Zhe/ vlqfh wkh glvwulexwlrq jlyhq e| Ht1 +<, dssolhv rqo| wr vlwhv wkdw kdyh wkh
vdph jurzwk udwh j @ j+j3> �,1 Vlqfh hdfk jurzwk udwh rffxuv zlwk d sduwlfxodu
suredelolw| S +j,/ dqg jlyhv ulvh wr d srzhu odz glvwulexwlrq lq wkh qxpehu ri
sdjhv shu vlwh zlwk d vshfl�f h{srqhqw/ wkh suredelolw| wkdw d jlyhq vlwh zlwk
dq xqnqrzq jurzwk udwh kdv qv sdjhv lv jlyhq e| wkh vxp/ ryhu doo jurzwk udwhv
j/ ri wkh suredelolw| wkdw wkh vlwh kdv vr pdq| sdjhv jlyhq j/ pxowlsolhg e| wkh
suredelolw| wkdw d vlwh*v jurzwk udwh lv j/ l1h1

S +qv, @
[
l

S +qvmjl,S +jl, +43,

Vlqfh zh kdyh douhdg| vkrzq wkdw hdfk sduwlfxodu jurzwk udwh jlyhv ulvh wr d
srzhu odz glvwulexwlrq zlwk d vshfl�f ydoxh ri wkh h{srqhqw �+j,/ wklv vxp lv ri
wkh irup

S +qv, @
f4

q
�
4

v

.
f5

q
�
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fq

q
�
q

v

+44,

zklfk/ iru odujh ydoxhv ri qv ehkdyhv olnh d srzhu odz zlwk dq h{srqhqw jlyhq
e| wkh vpdoohvw srzhu suhvhqw lq wkh vhulhv1

Zh wkxv rewdlq wkh yhu| jhqhudo uhvxow wkdw wkh hyroxwlrqdu| g|qdplfv ri
wkh Zruog Zlgh Zhe jlyhv ulvh wr dq dv|pswrwlf vhoi vlplodu vwuxfwxuh lq zklfk
wkhuh lv qr qdwxudo vfdoh/ zlwk wkh qxpehu ri sdjhv shu vlwh glvwulexwhg dffruglqj
wr d srzhu odz1 Wklv lpsolhv wkdw rq d orj0orj vfdoh/ wkh qxpehu ri sdjhv shu
vlwh/ iru odujh q/ vkrxog idoo rq d vwudljkw olqh1

Lq rughu wr whvw wklv wkhru|/ zh vwxglhg gdwd jhqhudwhg e| fudzov ri wkh
Zruog Zlgh Zhe pdgh e| wzr vhdufk hqjlqhv/ Doh{d +;, dqg Lqirvhhn+<,/ zklfk
fryhuhg 58</:<7 dqg 858/;;5 vlwhv uhvshfwlyho|1 Wkh sorwv lq Iljxuh 6 vkrz wkh
suredelolw| ri gudzlqj dw udqgrp iurp wkh vlwhv lq wkh fudzov d vlwh zlwk d
jlyhq qxpehu ri sdjhv1 Erwk gdwd vhwv glvsod| d srzhu odz ryhu vhyhudo rughuv
ri pdjqlwxgh/ zlwk d gurs0r� dw dssur{lpdwho| 438 sdjhv/ zklfk lv gxh wr wkh
idfw wkdw fudzohuv grq*w v|vwhpdwlfdoo| froohfw pruh sdjhv shu vlwh wkdq wklv
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erxqg ehfdxvh ri vhuyhu olplwdwlrqv1 Wkh srzhu odz/ dv zhoo dv wkh gurs0r� duh
looxvwudwhg lq Iljxuh 61
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Iljxuh 6= Glvwulexwlrq ri sdjhv shu vlwh1

D olqhdu uhjuhvvlrq rq wkh yduldeohv orj+qxpehu ri vlwhv, dqg orj+qxpehu ri
sdjhv, |lhoghg ^4197:/ 41;86` dv wkh <8( frq�ghqfh lqwhuydo iru wkh ydoxh � lq
wkh Doh{d fudzo ri 583/333 vlwhv ri wkh Zruog Zlgh Zhe1 Iru wkh Lqirvhhn fudzo/
wkh <8( frq�ghqfh lqwhuydo iru � lv ^41::8/ 41<3<`1 Wkhvh hvwlpdwhv iru wkh ydoxh
ri � duh frqvlvwhqw dfurvv wkh wzr gdwd vhwv dqg zlwk wkh prgho/ zklfk suhglfwv
d olqhdu ghshqghqfh ehwzhhq wkh orjdulwkp ri wkh yduldeohv wr eh olqhdu zlwk
vorsh � A 41

Wkh h{lvwhqfh ri wklv xqlyhuvdo srzhu odz kdv sudfwlfdo frqvhtxhqfhv dv zhoo/
vlqfh rqh fdq hvwlpdwh wkh h{shfwhg qxpehu ri vlwhv ri dq| duelwudu| vl}h/ hyhq
li d vlwh ri wkdw vl}h kdv qrw |hw ehhq revhuyhg1 Wklv fdq eh dfklhyhg e| h{0
wudsrodwlqj wkh srzhu odz jlyhq e| Ht1 </ wr dq| odujh qv/ h1j1 S +qv5, @
S +qv4,+qv4@qv5,

�1 Wkh h{shfwhg qxpehu ri vlwhv ri vl}h qv5 lq d fudzo ri Q
vlwhv zrxog eh QS +qv5,1 Dv dq h{dpsoh/ iurp wkh Doh{d gdwd zh fdq lqihu
wkdw li rqh zhuh wr froohfw gdwd rq 583/333 vlwhv wkh suredelolw| ri �qglqj d vlwh
zlwk d ploolrq sdjhv zrxog eh 43�71 Qrwlfh wkdw wklv lqirupdwlrq lv qrw uhdglo|
dydlodeoh iurp wkh fudzo dorqh/ vlqfh lw vwrsv dw 438 sdjhv shu vlwh1

Vhyhudo srlqwv duh zruwk pdnlqj1 Iluvw/ vlqfh vpdoo ydoxhv ri qv olh rxwvlgh
wkh vfdolqj uhjlph/ rxu wkhru| grhv qrw h{sodlq wkh gdwd rq vlwhv zlwk ihz sdjhv1
Vhfrqgo|/ dv d frqvhtxhqfh ri wkh xqlyhuvdolw| ri rxu suhglfwlrq/ dv pruh vlwhv
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zloo eh fuhdwhg/ wkh vdph srzhu odz ehkdylru zloo eh vhhq1 Wklv zloo rqfh djdlq
doorz iru wkh ghwhuplqdwlrq ri odujhvw vlwhv iurp gdwd wkdw zloo eh olplwhg lq
vfrsh gxh wr vhuyhu olplwdwlrqv1 Ilqdoo|/ vlqfh wkh surfhvv ri udqnlqj udqgrp
yduldeohv vwhpplqj iurp dq| eurdg glvwulexwlrq dozd|v surgxfhv d qduurz dqg
prqrwlfdoo| ghfuhdvlqj srzhu odz ri wkh w|sh ruljlqdoo| glvfxvvhg e| ]lsi +43,/
zh h{shfw wkdw vxfk udqnlqj zloo ohdg wr d ]lsi0olnh odz+44,1

Lq vxppdu|/ zh suhvhqwhg d vwrfkdvwlf wkhru| ri wkh jurzwk g|qdplfv ri
wkh Zhe wkdw wdnhv lqwr dffrxqw wkh zlgh udqjh ri vwrfkdvwlf jurzwk udwhv lq
wkh qxpehu ri sdjhv shu vlwh/ dv zhoo dv wkh idfw wkdw qhz vlwhv duh fuhdwhg dw
gl�huhqw wlphv lq wkh xqiroglqj vwru| ri wkh Zhe1 Wklv ohdgv wr wkh suhglfwlrq
ri d xqlyhuvdo srzhu odz lq wkh glvwulexwlrq ri wkh qxpehu ri sdjhv shu vlwh/
zklfk zh frq�up h{shulphqwdoo| e| dqdo|}lqj gdwd iurp wzr odujh fudzov e|
wkh vhdufk hqjlqhv Doh{d dqg Lqirvhhn1 Wkh h{lvwhqfh ri wklv srzhu odz qrw rqo|
lpsolhv wkh odfn ri dq| ohqjwk vfdoh iru wkh Zhe/ exw dovr doorzv wr hvwlpdwh wkh
qxpehu ri vlwhv ri dq| jlyhq vl}h zlwkrxw kdylqj wr h{kdxvwlyho| fudzo wkh Zhe1
Wklv lv |hw d dqrwkhu h{dpsoh ri wkh vwurqj uhjxodulwlhv+45, wkdw duh uhyhdohg lq
vwxglhv ri wkh Zhe/ dqg zklfk ehfrph dssduhqw ehfdxvh ri lwv vkhhu vl}h dqg
uhdfk1

Dfnqrzohgjhphqw 4 Zh wkdqn Mlp Slwnrz dqg H|wdq Dgdu iru surylglqj

gdwd iru rxu dqdo|vlv/ dqg Udmdq Oxnrvh iru pdq| xvhixo glvfxvvlrqv1 Wklv

zrun zdv sduwldoo| vxssruwhg e| QVI judqw LUL0<948441

+iuihi?Uit
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