1Collaboration, Motivation, and the Size ofOrganizationsBernardo A. HubermanChristoph H. Loch*Dynamics of Computation GroupINSEADXerox Palo Alto Research CenterBoulevard de ConstancePalo Alto, CA 9430477305 Fontainebleau, FranceE-mail: huberman@parc.xerox.comE-mail: loch@insead.frShort Title: Collaboration, Motivation, and Organizational SizeCorresponding author:Christoph H. LochINSEADBoulevard de Constance77305 Fontainebleau, FrancePhone: 011 33 1 6072 4326E-mail: Loch@insead.fr* The author was supported on this project by the INSEAD Research and Development fund.

2Collaboration, Motivation, and the Size ofOrganizationsBernardo A. HubermanChristoph H. Loch*Dynamics of Computation GroupINSEADXerox Palo Alto Research CenterBoulevard de ConstancePalo Alto, CA 9430477305 Fontainebleau, FranceE-mail: huberman@parc.xerox.comE-mail: loch@insead.frAbstractWe present an analytical model of an organization that offers operational drivers of limits on teamsize. The model trades off benefits from collaborative problem solving against the disadvantagesof diminishing motivation when groups get large. Collaboration is represented as parallelemployee activity combined with frequent sharing of partial information. The resultingperformance increase over team size is between linear and quadratic. Motivation is modeled byeach team member periodically setting an effort level either to contribute to the best of one’s abilityor to "cruise" at the minimum level not recognizable as shirking. Each individual decision islimited by bounded rationality based on team rewards, the time horizon of team interaction, andindividual expectations about colleagues’ behavior. The decision collapses to a simple "barrierrule": Work hard when a certain "barrier percentage" of team members work hard, and otherwiseshirk. When the performance increase from collaboration is linear, this barrier percentageincreases with team size and eventually grows beyond 100%, preventing cooperation for largeteams. When performance increases quadratically in team size, however, collaborative problemsolving benefits balance motivational effects, resulting in the possibility of sustained cooperationup to an externally given limit (such as coordination costs). Thus, effective problem solvingmethods are of double value, improving direct productivity and mitigating the social dilemma fromteam production. A manager should enlarge his organization up to the minimum of the limit set bythe cooperation barrier and the exogenous performance limit.KEYWORDS: Cooperative problem solving, cooperative processes, social dilemma, teamproduction, expectations, bounded rationality, organizational size.* The author was supported on this project by the INSEAD Research and Development fund.

31. IntroductionOur knowledge about the optimal size of organizations and organizational units is rudimentary andincomplete. This is exemplified, first, by the fact that corporations vary vastly in size. The globalfood company Nestle, for example, has a rule of thumb that development units should not be largerthan 200 employees. Automobile factories, on the other hand, commonly combine more than10,000 employees in a tightly managed unit. If organizational principles are behind such largedifferences, one would like to know what they are.Second, there seems to be a recent trend towards smaller firms, triggered by the rise of new firmsin such industries as electronics, pharmaceuticals, and biotechnology. It is often argued that thistrend is caused by new information technologies [8]. If that is the case, it is of interest to find howthese technologies change the usual tradeoffs involved in determining organizational size (seeBrynjolffson and Mendelson [7] for a qualitative discussion and Barron [4] for a model of ahoerarchical organization). And more important for the manager leading an organizational unit isunderstanding what changes can enable a desired increase or decrease in unit size.This article makes two contributions towards answering these questions. First, we introduce apreviously unstudied phenomenon, namely collaborative problem solving. Second, we examinethe tradeoff between the benefits of group size on collaborative problem solving and the negativeimpact of larger groups on work motivation (e.g., shirking). This analysis is relevant not only tothe aggregate level of firms as a whole, but also to the operational level of managing anorganizational unit. Our model derives operational drivers of group performance, such as teamsize, problem complexity, cooperation intensity and quality, and group rewards. It also allowsparameter adjustment by managers interested in improving organizational performance,adjustments that depend on the complexity of the problems to be solved.We accomplish our analysis by viewing an organizational unit as a problem solving unit undercommon supervision and with a quantitative measure of group performance. The problems may besimple or complex and may represent market analyses, development activities, or production ofany kind. It is well known that group collaboration improves problem solving capabilities. Forexample, productivity normally increases with the number of ideas an engineer develops indiscussions with peers, up to a limit determined by the fact that efforts of further communicationoutweigh the benefits (see, for example, Allen [2]). We quantify this observation in an explicitmodel of collaborative problem solving, which leads to better performance with increasing teamsize.

4On the other hand, it is also known that a single employee’s influence on team performancediminishes with increasing team size, causing a temptation to shirk in a tradeoff between moreleisure1 and marginal performance benefit. For example, employees may perform only enough toavoid a negative impression on the part of the group manager, instead of actively trying to improveoutput as much as possible. In most organizations, supervision cannot possibly preventemployees from such behavior. Thus, shirking limits the effective size of a problem solvingorganization. In deciding about shirking or full cooperation, employees do not carry out a fullgame-theoretic analysis of all possible future actions by themselves and their peers. They mostoften exhibit bounded rationality, acting upon limited information and certain expectations aboutbehavioral norms in the group. We explicitly include bounded rationality into the model byincorporating a reasonable form of expectations.The analysis of the model yields two organizational design principles: one, in many organizationsthe individual’s decision to cooperate collapses to a simple "barrier rule": work hard when overallperformance implies that a certain "barrier percentage" of team members are working hard, andotherwise shirk.Two, the influence of team size on this barrier percentage depends on the extent of benefits fromcollaboration: The barrier increases with team size and eventually grows to 100% if performanceimprovement is only linear in the number of cooperating team members. With a quadraticperformance increase, however, the increased benefits that result from collaboration balance thetemptation to shirk, with the barrier percentage approaching a fixed limit for large team sizes. Thisimplies that cooperation is sustainable in large organizational units, provided the problem solvingprocesses used are powerful enough to ensure sufficient performance increases. In practice, teamperformance cannot increase indefinitely with team size, due to communication costs or theoreticalperformance limits. The normative conclusion of the model is thus: concentrate effort on problemsolving methods, since their effectiveness directly improves productivity and mitigates the socialdilemma inherent in team production. The manager should enlarge the team until either thecooperation barrier or external performance limits negate team cooperation.1 Here, the word leisure is used in the same way as in Alchian and Demsetz [1]: Leisure stands for "all nonpecuniaryincome for simplicity of exposition". Examples are actual free time, but also the use of company resources forprivate purposes (e.g., telephone calls).

5Three, we demonstrate how team size is influenced by operational parameters in the model, such asthe team’s time horizon, bonus size, problem solving methods, and communication quality andquantity.This paper is organized as follows. Section 2 gives a brief overview of two relevant literatures:the theory of the firm within the field of industrial organization, and that of distributed intelligenceand cooperative problem solving, developing the methodology on which the analysis in this paperrests. Section 3 presents the basic model of collaborative problem solving and of team motivationwith bounded rationality. Section 4 derives the associated organizational size for a linear increaseof collaborative benefits, and Section 5 examines the effect of a quadratic performance increase onteam size. In Section 6, we discuss open questions and give an outlook of further research.2. Overview of Past WorkOur approach to the question of organizational size draws on two literatures: collaborative problemsolving and social dilemmas in groups. Our representation of collaborative problem solving isbased on recent work in the field of Artificial Intelligence. This work quantifies the widely sharedobservation that a group of coordinating "agents"2 engaged in problem solving can solve a taskfaster than either a single agent or the same group of agents working in isolation from each other.The theory is developed in Huberman [14] and experimentally tested in computer experimentsthrough simulations by Clearwater et al. [10].The theory considers systems of team members collectively engaged in solving a complex task.The solution process is represented by heuristically searching a problem space, represented as asearch tree. This is a very general problem representation, which is well known in OperationsResearch and applicable to many unstructured problems in organizations. Team members areassumed to work on the problem in parallel and to be diverse in their solution methods, meaningthat they use differing heuristics. During the search process, team members exchange "hints," i.e.,information about partial solutions and areas of the search space that can be excluded from furtherconsideration. The search is successful for the team as a whole as soon as the first member hasfound a solution to the problem.2 The artificial intelligence literature uses the term "agents" in the sense of intelligent actors in an interactivesystem. The Principal-Agent literature in Industrial Organization refers to agents as employees with an ownobjective separate from that of the firm’s owner. We use the term with both meanings, and also interchangeablywith "team members" or "employees". In referring to an agent, we use "her" and "his" as synonyms.

6It was found that such highly cooperative systems, when sufficiently large, display a universaldistribution of individual team member performance, namely a log normal, which is largelyindependent of the detailed nature of the heuristics employed or the particular problem beingtackled. This prediction was tested in computer simulations and is supported by a number ofempirical studies on individual productivity and problem solving in the scientific community [6].At the level of the team as a whole, the theory predicts an extended high performance tail of theperformance distribution. In other words, the sharing of hints can greatly benefit a few teammembers and allow them to find a solution very fast. This effect becomes more pronounced themore hints are exchanged and the higher their quality, and the more diverse the team members.The relevant result for our present paper is that performance of the team as a whole (speed tosolution of the task) can increase faster than linearly with team size. In some computersimulations, quadratic improvements have been observed.This benefit of team size must be traded off against the negative effects that a large group size hason individual motivation. The collective contribution of all members of a team or organizationalunit to overall performance represents a situation known as social dilemma, which has a longhistory in political science, sociology, and economics. The model in the present paper is based onGlance and Huberman [12]. In this specific social dilemma, the team members of anorganizational unit jointly produce a measurable team output in the presence of weak centralauthority. The team output can be thought of as the number of problems solved per unit time or thequality of the solutions found; it can also represent the number of designs produced inengineering, or the number of process problems fixed in manufacturing.Within this context, team performance represents a common good, because it is collaborativelyproduced and no member’s contribution is separable and recognizable except through monitoring.The performance measure is associated with some performance-related part of salary, such as abonus. Usually, management authority is "weak" (imperfect), in the sense that it is impossible tomonitor each team member sufficiently to know whether he or she is contributing to the best of herabilities or only "cruising" at a comfortable effort level.The social dilemma we have described can be represented using game theory. Each individual hastwo choices: either to cooperate, which means contribute to the best of her abilities, or to shirk andfree ride on the work of others, i.e., put in only the minimum amount of effort to avoid "beingcaught." All individual team members share equally in the performance measure regardless of theiractions. Each person that cooperates increases the team performance level by a certain amount,

7receiving the associated bonus increase in return. Whenever the cost of cooperating is greater thanthe marginal benefit, the individual defects. Since each individual faces the same choice, all defectand the team performance level stays low, at the minimum level. In the language of economics, theindividual’s rational strategy of weighing costs against benefits results in an inferior outcome, andno common good is produced.However, the logic behind the decision to cooperate or not changes when the interaction is ongoingsince future performance benefits will join present ones in influencing the rational individual’sdecision [13]. In most cases, employees do not base their decisions on a full game theoreticanalysis of the situation. Bounded rationality limits them to taking into account limited informationabout current behavior, plus individual expectations concerning the future behavior of theircolleagues. Two factors influence the individual’s expectations: first, how long the interaction isexpected to last. If the game is likely to end soon, then, rationally, future expected returns shouldbe discounted heavily with respect to known immediate returns. On the other hand, if theinteraction is likely to continue for a long time, then members may be wise to discount the futureonly slightly and make choices that maximize their returns in the long run. The second factorinfluencing expectations is the way in which a member believes her choices to influence thedecisions others make. For example, if a team member believes that her actions influencecontributors more than shirkers, then cooperation may be more self-enforcing than whenindividuals feel their own influence being diluted and opportunistically defect in the face of broadcooperation.The analysis of this social dilemma leads to a critical group size beyond which cooperation is nolonger sustainable. In large groups, the marginalized individual’s temptation to free ride becomestoo great, and shirking will be the usual answer. Thus cooperation in large groups with shortexpectations is hard to secure voluntarily.The model we present in this paper combines explicit representations of cooperative problemsolving and of shirking under imperfect monitoring, as well as the tradeoff between the two. Thisapproach allows to address many operational questions of organizational design.The question of optimal firm size is addressed by a literature in the field of Industrial Organizationin economics. This literature is briefly reviewed below as it is closely related to the topic of thispaper, even though it focuses on a different level of aggregation.

8A classic argument for large organizations has been the existence of economies of scale inoperations - procurement, production, and sales. This argument, however, does not hold formany processes beyond a certain size; for example, one complete fabrication line in semiconductormanufacturing. Moreover, it does not explain why any integration into organizations beyond thepure scale sensitive process is observed; for example, why procurement and production are notusually performed in different organizations and coordinated via market relationships.Industrial Organization theorists give two answers to this question (for an overview, see Martin[17], p. 210 ff., and Milgrom and Roberts [18]). The first comes from transaction costeconomics, which essentially states that relationships with high asset specificity and uncertainty aremore efficiently governed through common ownership than through market contracts. If one partyin a contract makes a specialized investment (such as a special machine) and the outcome of theinvestment is uncertain (perhaps because of unforeseeable market evolution), then this party wantsto be protected from opportunistic behavior by the other party (e.g., letting the party committed tothe specialized asset be responsible for all losses in case of unfavorable market development). Asit is often impossible to include all contingencies in a contract, integration into one organization isone possible solution in such cases (see Williamson [21]).The second answer relates to "team production" (Alchian and Demsetz [1]). It is defined asproduction using several employees (or resources), in which the output is a nonseparable sum ofthe efforts of the employees (and hopefully larger than the sum of separate efforts by theemployees), i.e., each team member’s individual contribution is not identifiable from the output.Nonseparability of the output results in the need for monitoring, because a team member has anincentive to shirk and gain leisure while imposing most of the lost output on the other teammembers. Since a specialized monitor on the team may himself have an incentive to shirk, thesolution in neo-classic economic theory is to give one person the title to the net earnings of theteam, net of all payments to the other team members. Thus, the monitor ("owner of residualrights") will ensure maximum team productivity without shirking.Often, monitoring will not be completely possible as the cost of perfect observation of employees’behavior is prohibitively high, not to mention its demoralizing effects. In this case (the principal -agent problem), the owner (principal) will have to give the workers (agents) a performanceincentive in order to prevent shirking (Mirrlees [19]). In this model, the supervision span (thenumber of agents controlled) by one principal is limited, because an increase in span causes themonitoring effort to outweigh the benefit from additional agents. Larger organizations can be built,however, via the introduction of hierarchies. The number of hierarchies itself is limited by the

9"Law of Diminishing Control": Williamson [20] shows in a model with fixed span of control perhierarchical level that any positive uniform "control loss" between hierarchies (defined as apercentage of the supervisor’s intentions not satisfied by the subordinate) limits the maximum sizeof the organization. The reason is that the control loss will make the cost of an additionalmanagement layer, if too many management layers are added, outweigh the contribution of theadditional workers.3Barron [4] develops a refined model of a hierarchical organization, with parameters forcommunication and control loss and hypotheses how these parameters are influenced by IT. Wemodel communication and collaboration explicitly for one organizational unit, where Barronincludes exogenous parameters and instead focuses on the corporate hierarchy as a whole. Thus,our model is more operational in character.Industrial Organization is interested in the reasons why firms exist as players in industries.Consequently, transaction cost theory looks at the border between the firm and the market. It doesnot address the internal structure of firms into organizational units, and it does not give any hintsabout the possible size of organizations. The concepts of team production and agency, on the otherhand, are much closer to the spirit of the present paper. However, they describe phenomena on theaggregate level of the firm as a whole, i.e., they do not fully spell out what team production andcontrol loss mean operationally. This style of analysis is useful for questions in industrialorganization, but less so for deriving managerial guidelines on the shaping of organizational unitsand their management.3. A Model of a Problem-Solving Organization With Imperfect SupervisionOur model has two principal ingredients -- the benefits of cooperation in problem solving betweenteam members, and the temptation to shirk caused by the collective nature of team output, whichprevents managers or peers from observing each individual’s contribution exactly. Beforeanalyzing the tradeoff between the two, we will describe them in turn.3.1. Cooperative Problem Solving3 Williamson’s analysis is disputed by other authors [9], who argue that a control loss does not necessarily takeplace. A third group [16] offers an alternative concept of the cost of hierarchy, which they call "cost ofcoordination".

10The simplest way in which cooperation improves the speed with which problems are solved in anorganization is parallelism: Consider a task made up of many subtasks, each of which is assignedto an individual. If the problem contains T tasks allocated to n individuals, the wholeprocess/problem can be done in T/n operation times, thus providing a speedup in performance thatscales linearly with the number of individuals.In most problems, however, not all tasks are independent of each other; this implies that the bestperformance will be determined by the longest sequential piece of the problem. For example, thesum of two numbers computed by different team members (agents) cannot be completed beforeboth numbers have been computed. This implies that the best problem solving time to be expectedis determined by the longest sequential path in the solution procedure. So if the problem containsP sequential operations, the total time will be

time with 1 agent time with n agents = TP +(T −P )/n

. This equation is calledAmdahl's Law, which implies that the total speedup from parallel processing cannot exceed P / T.Thus, the linear speedup predicted above cannot be achieved.In collaborative problem solving, however, there is an added advantage stemming from the factthat individuals can help each other by exchanging information in the form of hints. Consider anorganization of individuals with diverse characteristics trying to solve a constraint satisfactionproblem. This is a problem in which values must be assigned to a set of variables so that a numberof conditions (the constraints) are satisfied in order for the assignment to be a solution. Problemsof this kind are very common in practice; for example, packaging and interior design in cardevelopment can be formulated as a constrained satisfaction problem.4 The two design aspects,interior and exterior dimensions, are strongly constrained by product specifications and by eachother; thus, no "optimum" exists.In most cases of interest, no direct solution method is known, and one must resort to searchingthrough a large number of possible assignments to find those that satisfy all the constraints. Astate in the search is a set of assignments for all the variables, and a partial state has only some ofthe variables assigned. These search problems can be characterized by the total number of states inthe search space, T, and the number of solutions, S. Let n be the number of agents involved inthe search. In the complicated problems in question, we have T >> S and T >> n. In typicalpractical problems, for example, the size of the search space T grows exponentially with the sizeof the problem.4 Note that no optimization is involved here; this fact corresponds to many practical situations where only asolution satifying minimum "goodness criteria" can be found. However, optimization can be incorporated into thistheory in the form of search trees familiar from Operations Research.

11The speed at which a team member can solve the problem depends on the initial conditions and onthe particular sequence of actions as she moves through the search space. This sequence relies onthe quality of the heuristics (the knowledge about the problem) the agent is using. The better theheuristics, the quicker she will be able to solve the problem. When many team members work onthe same problem, this heuristic can include hints from colleagues suggesting where solutions arelikely to be. It is important that the colleagues are diverse in the sense that they use differentheuristics -- if they follow the same method, then information is duplicated without effect. Therequirement of diversity is well supported by empirical studies, for example, in Angle's ([3], p.145) demand for "communication among persons unlike one another, so that new, creative ideasare generated."In computer experiments performed to test these ideas [10], the search problem example used wassolving crypt arithmetic codes.5 Hints consisted of assignments to a certain number of letters thatthe team members wrote to a central blackboard accessible to everybody. There was noprespecified limit to the size of the blackboard except that provided by the constraints of theproblem. Other organizational structures can be modeled by using separate blackboards accordingto permissible information flows. Diversity among the team members was modeled simply byprogramming the agents to only examine hints of certain lengths.In the experiments, members maintained partial number assignments that were consistent (addedup correctly), periodically replaced these with hints of the right length, and generated randomassignments for the non-consistent letters. Each agent performed a search step (solution update)according to a Poisson process of common rate l = 1, in order to avoid synchronous "clockworkmarching" by all team members.In the context of the present paper, the problem is solved as soon as the first team member finds asolution.6 The performance measure is thus the speed of finding the solution P (the reciprocal ofthe time to find the solution). The speedup with an increase in team size can be characterizedanalytically [14], but the relevant result for the present paper comes from computer experiments. Itshows a superlinear speedup as the number of diverse agents increases,75 These problems require finding unique digit assignments to each letter of a word addition so that the numbersrepresented by the words add up correctly. An example is the sum DONALD + GERALD = ROBERT, which has aunique solution and a search space of size 10!.6 In very difficult problems, one must sometimes be content with a satisficing search, in which case the problem issolved when a solution of a certain quality is found.7 This is an average speedup, taken over many simulation runs in which the solution searches of team membersunfold probabilistically. 12

Π = bn 1+ε, (1)ωηερε β ισ α προπορτιοναλιτψ ϕαχτορ, ανδ τηε ηιγηεστ εξπονεντ (1+ε) εξπεριμενταλλψ αχηιεϖεδ ισ(1+ε) = 2, ωηιχη χορρεσπονδσ το α θυαδρατιχ περϕορμανχε ινχρεασε ωιτη τεαμ σιζε.Τηε συπερλινεαριτψ χομεσ ϕρομ τηε ϕαχτ τηατ τεαμ μεμβερσ ωιτη α γιϖεν στρατεγψ χαν χοντριβυτε ηιντστο χολλεαγυεσ ωηιχη τηεψ χαννοτ υσε τηεμσελϖεσ. Τηε χολλεαγυεσ χαν υτιλιζε τηε ηιντσ βψ υσινγ αδιϕϕερεντ στρατεγψ. Τηισ λεαδσ το α νον−λινεαρ ινχρεασε οϕ ηιντσ αϖαιλαβλε. Τηε ινχρεασε ιν σολυτιονσπεεδ τηυσ δεπενδσ ον τηε νυμβερ οϕ διϖερσε τεαμ μεμβερσ υσινγ διϕϕερεντ σολυτιον στρατεγιεσ; ανυμβερ οϕ τεαμ μεμβερσ ωιτη ιδεντιχαλ στρατεγιεσ δο νοτ χοντριβυτε το ϕαστερ προβλεμ σολϖινγ.Τηε παραμετερσ β ανδ ε ινχορπορατε σεϖεραλ οπερατιοναλ χηαραχτεριστιχσ οϕ τηε οργανιζατιοναλ υνιτ∋σπροχεσσεσ; ϕορ εξαμπλε, θυαλιτψ οϕ τεαμ μεμβερσ∋ σολυτιον στρατεγιεσ (ηοω γοοδ αρε τηε ινδιϖιδυαληευριστιχσ, ανδ ηοω εϕϕεχτιϖελψ δο τηεψ ινχορπορατε ηιντσ?), θυαλιτψ οϕ ινϕορματιον εξχηανγε (δοηιντσ χονταιν ρανδομ νοισε ορ αρε τηεψ περϕεχτλψ ηελπϕυλ?), οργανιζατιοναλ μεμορψ (ηοω μανψ ηιντσχαν τηε βλαχκβοαρδ ηολδ?), ανδ οργανιζατιοναλ στρυχτυρε (ωηο χομμυνιχατεσ ωιτη ωηομ? ωηο χανρεαδ ανδ ωριτε ον ωηιχη βλαχκβοαρδ?). Ωε αρε νοτ ινχλυδινγ τηεσε οπερατιοναλ προχεσσχηαραχτεριστιχσ ιν τηε πρεσεντ παπερ. Ωε αλσο ιγνορε τηε χοστ οϕ χομμυνιχατιον ποσσιβλψουτωειγηινγ χολλαβορατιϖε βενεϕιτσ ιν λαργε γρουπσ (τηισ ισ δισχυσσεδ βελοω). Ιν τηε χονχλυσιον, ωεωιλλ γιϖε α βριεϕ ουτλοοκ ον ηοω τηεσε ισσυεσ χαν βε ινχορπορατεδ ιν τηε τηεορψ.3.2. Τηε Διλεμμα οϕ Τεαμ ΧοοπερατιονΙν ουρ ματηεματιχαλ τρεατμεντ οϕ τηε χολλεχτιϖε αχτιον προβλεμ (βασεδ ον Γλανχε ανδ Ηυβερμαν[11]) ωε στατε τηε βενεϕιτσ ανδ χοστσ το τηε ινδιϖιδυαλ τεαμ μεμβερ ασσοχιατεδ ωιτη τηε τωο αχτιονσοϕ χοοπερατιον ανδ δεϕεχτιον (σηιρκινγ). Ωηιλε νο ινδιϖιδυαλ χαν διρεχτλψ οβσερϖε τηε εϕϕορτ οϕανοτηερ, εαχη μεμβερ οβσερϖεσ ινστεαδ τηε χολλεχτιϖε ουτπυτ ανδ χαν δεδυχε οϖεραλλ γρουππαρτιχιπατιον. Εαχη μεμβερ σετσ ινδιϖιδυαλλψ ηισ/ηερ εϕϕορτ λεϖελ.Λετ κ ι δενοτε ωηετηερ μεμβερ ι ιντενδσ το χοοπερατε (κ ι = 1) ορ δεϕεχτ (κ ι = 0). Τηε νυμβεροϕ μεμβερσ χοοπερατινγ ισ

nc = S kj . We can also introduce an amount of uncertainty into therelation between members' efforts and group performance. In this case, the perceived level ofcooperation will differ from the actual attempted amount. For the purpose of this paper, we restrictattention to a deterministic, error-free world of team members' actions. For a description of thestochastic results of cooperation errors see [11].

13According to Equation (1), we assume team performance P to increase with the effectivecontributions of the members according to the relationship

U^i (t ) = w + β n bn^c (t )_{1+ε} − ck^{i(2)Using her knowledge of the functional form of the utility function,8 each individual can deduce thenumber of individuals effectively cooperating from the utility collected at time t by invertingEquation (2):}

n c (t ) = { nβb [Ui (t ) +ck i − w ]}1/(1+ε)(3)We also define

f c (t ) to denote the fraction,

nc (t ) / n , of individuals effectively cooperating at timet . When all members contribute successfully, each receives net benefits of w + bb

ncε − χ.Ηοωεϖερ, τηε ινδιϖιδυαλ τεαμ μεμβερ∋σ μαργιναλ χοοπερατιον βενεϕιτ ισ ονλψ

βbncε [1 − (1 − 1 / nc )1+ε ] − c. This marginal benefit represents the utility difference betweencooperation and shirking, assuming that all other team members continue to cooperate. Thus, teamcooperation becomes a dilemma when

βbn ε > c > βbn ε [1− (1− 1n c )1+ε ].(4)For our benchmark cases of linear and quadratic performance increase, this simplifies to

βb > c > βb / n.(linear)(4a) βbn > c > βbn (2 − 1n ).(quadratic)(4b)8 For a justification of the form of the individual utility function in the context of either divisible goods or purepublic goods see Bendor and Mukherjee [5].

14In the case of equation (4), the dominant strategy in the one-shot game is to defect, even thoughteam performance, and thus everybody's bonus, is maximized when everyone cooperates. Thereason is that the additional gain of personal participation is less than the private cost.3.3. The Free Riding Limit on Team Size in an Ongoing OperationIn an ongoing organization, team interaction is repeated over many problem solving cycles.Therefore, the model must include a team member's expectations about the future duration of theongoing interaction as well as her estimate of how her behavior affects team mates in the future.The expected interaction time is incorporated via a time horizon parameter H determining thediscount rate of

E (f c ) to model the individual teammember's belief how her behavior influences future behavior of colleagues. Recall that

f cdenotes the fraction of team members cooperating. We assume that

E (f c ) = γf c, which implies thatthe individual believes her influence to be higher when more colleagues already cooperate:defection and cooperation alike spread into the rest of the team at rate

E (f c ) . This form ofexpectation is referred to as bandwagon expectations9. It pictures employees who care more abouthigh performers (cooperators) than defectors and only consider the effect of their own behavior onthem.As an example, consider bandwagon expectations in the context of working late in the office. Ifeveryone on the team usually goes home early, then someone who stays longer will not expectothers to follow her example -- on the contrary, that person may be seen as an overly ambitiousoutsider. Once, however, a working atmosphere arises where people often work late, then peerpressure often leads individuals to go along. Moreover, defection by one team member is widelyvisible and will either be punished by the others or have a significant demotivating effect, leadingto spreading defection by colleagues.9 See Huberman and Glance [15] for a discussion of alternative forms of expectations.

15We now incorporate both time horizon and expectation function into the individual's utilityfunction. With t being the present time, let

Δf c (t + ′t ) denote the expected future difference (attime t+t' ) between the fraction of team members cooperating if the individual cooperates now andif the individual defects now. The expectation of an individual is characterized by three features:First, the individual expects her decision to spread exponentially through the population ofcolleagues, i.e., collaboration increases as a saturating exponential if she cooperates, and decreasesif she defects. Second, the initial slope of this exponential steepens with the current level ofcooperation. This is the bandwagon effect described above: the individual believes to have moreinfluence with cooperators than with defectors. Third, the individual believes to be marginalizedby large team sizes, i.e., the larger the team, the slower is the saturation of the exponentialspreading of the individual's behavior.Figure 1 shows these characteristics of the expectation function. The upper curve represents howthe individual expects cooperation to develop if she cooperates, the lower is the individual'sextrapolation of group behavior if she defects. The rate at which the two curves respectively riseand fall is an exponential driven by time horizon and reevaluation rate, with beginning slopedetermined by the expectation function at the present level of cooperation. The marginalization isincorporated by the exponent having n, the team size, in the denominator: the larger n, the moreslowly does the overall cooperation go towards 1 in case of cooperation, or to zero in case ofdefection.Figure 1 to be included about hereSummarizing, the form of the extrapolated future cooperation levels become

Δf c:

ΔU^i (t ) = 0

∞ ∫_{[Δf c (t + ′t )βb − c]e}

− ′t / H d ′t

= (βb − c)H − βb α γf^c n + 1

H

.(7)Team member i defects at time t if DUi(t) < 0, and cooperates if DUi(t) >= 0. The decision isbased on the fraction of the team

f c (t ) cooperating at time t. Thus, the cooperation decision of theindividual team member reduces to the question whether the current level of cooperation is largerthan a critical fraction:

fc (t ) ≥ nc

(βb − c)α γH ≡ f crit.(8)This is the first important result of our model: The individual's cooperation decision collapses to a"barrier rule:" Work hard when overall performance corresponds to a "barrier percentage" of teammembers working hard, and otherwise shirk. Individuals are able to simplify a complicatedproblem of maximizing own benefits to a simple rule requiring only the tracking of overall teamperformance (and the derived level of cooperation).In the present context, we are interested in the question for which team size cooperation issustainable. We can answer this question analytically in our error-free scenario, when employeesmake no mistakes in trying to contribute and don't misunderstand one another's actions: if

f crit > 1, it is impossible that cooperation is high enough to sustain itself, and as a result the wholeteam will shirk. From Equation (7), we get thus a maximum team size for cooperation: 17

n max = α γH (βbc − 1).(9)If team size is increased to or beyond nmax, team members will shirk, and performance will godown to the minimum level (here normalized to zero). Which team size should the managerchoose? As long as the team size is smaller than nmax, all team members will cooperate. The firmkeeps the value of the team's output, minus salaries and wages. Therefore, the firm's profitfunction resulting from the activity of the team is

Π F = n [(1− β)b − w ] for n ≤ n max .(10)Excluding the trivial case of the firm not gaining enough from the team's activity to pay salariesand bonuses, this profit is increasing in n. Therefore, the manager responsible for staffing theteam should choose a team size of nmax.Equation (9) points to several levers through which management can push the cooperative limitupwards. First, of course, the value of team activity b increases the firm's profit as well as teammembers' motivation (through the bonus). The bonus percentage b boosts team motivation, but ata cost for the firm, as Equation (10) shows. The total effect of bonuses on profit,

∂Π / ∂β, ισαμβιγυουσ. Τηε ινδιϖιδυαλ χοστ οϕ χοοπερατιον χ δεχρεασεσ τεαμ μοτιϖατιον, φυστιϕψινγ ωορκσυππορτ τοολσ ασ ωελλ ασ μεασυρεσ βυιλδινγ τεαμ σπιριτ ανδ α ποσιτιϖε ατμοσπηερε. Α λονγ δεχισιονηοριζον αΗ αλσο βενεϕιτσ χοοπερατιον ανδ ϕιρμ προϕιτ, εξπρεσσινγ τηε ϖαλυε οϕ σταβιλιτψ ανδ τρυστ.Φιναλλψ, χοοπερατιον ινχρεασεσ ωιτη τηε περχειϖεδ ∀ινϕλυενχε∀, γ, τηατ ινδιϖιδυαλσ ηαϖε ον τηεβεηαϖιορ οϕ τηειρ χολλεαγυεσ. Τηισ μεανσ τηατ α τιγητερ τεαμ σπιριτ ανδ ινχρεασεδ ιντεραχτιονσβετωεεν ινδιϖιδυαλσ ωιλλ ρεενϕορχε χοοπερατιον.Ιν ρεαλιτψ, τηε ινχρεασε ιν σολυτιον σπεεδ χαννοτ γο ον ϕορεϖερ, ϕορ τωο ρεασονσ. Φιρστ, τηερε ισυσυαλλψ α μινιμυμ ποσσιβλε σολυτιον τιμε. Τηισ χαν βε γιϖεν εξτερναλλψ (ε.γ., βψ ρεσπονσε τιμεσϕρομ παρτνερ γρουπσ ορ χομπανιεσ), ορ βψ αν ιντερναλ σπεεδ λιμιτ: ωηεν τηε νυμβερ οϕ τεαμμεμβερσ γροωσ το τηε σαμε ορδερ ασ τηε χομπλεξιτψ οϕ τηε προβλεμ το βε σολϖεδ, Τ / Σ (τηε σιζε οϕτηε σολυτιον σπαχε οϖερ τηε νυμβερ οϕ ποσσιβλε σολυτιονσ), τηεν ωιτη ηιγη λικελιηοοδ ονε οϕ τηεμωιλλ, βψ χηανχε, ηιτ α σολυτιον ριγητ αωαψ. Τηε τιμε ϕορ γοινγ τηρουγη τηε ηευριστιχ σολυτιονπροχεδυρε ονχε, ι.ε., ϕινδινγ α σολυτιον αϕτερ τηε ϕιρστ ιτερατιον, χορρεσπονδσ το τηε μαξιμυμποσσιβλε σπεεδ, ρεγαρδλεσσ οϕ ϕυρτηερ ινχρεασεσ ιν τεαμ σιζε. Νοτε τηατ τηισ σατυρατιον ωιλλ ονλψηαππεν ϕορ ϖερψ λαργε τεαμσ, σινχε ωε ασσυμε τηατ τηε προβλεμ ιν θυεστιον ισ ϖερψ χομπλεξ. 18Σεχονδ, ωε ηαϖε ιγνορεδ τηε χοστ οϕ χολλαβορατιον. Τεαμ μεμβερσ μυστ σπενδ τιμεχομμυνιχατινγ10, ωηιχη ρεδυχεσ τηε τιμε αϖαιλαβλε ϕορ προβλεμ σολϖινγ. Ωηεν τεαμ σιζε ανδ τηενυμβερ οϕ ηιντσ βεχομε ϖερψ λαργε, ειτηερ τηε ηιντσ αρε νο λονγερ ρεαδ ορ ινδιϖιδυαλ προδυχτιϖιτψσυϕϕερσ. Τηισ λεαδσ αγαιν το α σατυρατιον οϕ τηε τεαμ περϕορμανχε.Ωηεν ωε ιντροδυχε συχη α περϕορμανχε λιμιτ βψ αδδινγ α προβλεμ χομπλεξιτψ παραμετερ σ, τηεν τηετεαμ περϕορμανχε χυρϖε ϕρομ Εθυατιον (1) βεχομεσ ϕλατ ατ παψοϕϕ σβ ωηεν ιτ ηιτσ τηε λιμιτ σ:

f c (t ) is so high that P = sb, i.e., the performance plateau is reached. In that case,the individual's own cooperation will not boost performance higher (even if others should alsodecide to increase effort). However, from a defection the individual will still expect thedemotivating effect on others. Thus, in evaluating her decision, the individual sees a utility of (bsb/ n - c) from cooperation versus an exponential decay in team performance, analogously toEquation (6), from defection. Thus, the expected utility difference becomes11

ΔUi (t ) = 0∞∫ [βsbn − βbf ce − α γf cn ′t − c]e − ′t / Hd ′t

= (βsbn − c)H − βbf cα γf cn + 1H .(11)Note that P = sb implies

nf c = s. We can rewrite the utility difference as

ΔUi (t )(α γf cn + 1H) = (βsbn − c) Hα γf cn − c < 0,(12)since we are assuming existence of a dilemma. This implies immediately that no team member willchoose cooperation when performance saturation is reached (

f c (t ) is such that P = sb ).10 In the context of the simulation experiments, members need time to write and read hints on the blackboard.11 For simplicity of exposition, we drop the t in fc(t) whereever the context is clear.

19We conclude that the manager responsible for the organizational unit should set team size to thelimit where team motivation breaks down due to either free riding or saturation of performancefrom collaboration. The additional parameter s is an expression of the problem complexity facedby the team: the more complex the problem, the more workers can meaningfully collaborate on it.Our analysis implies that problem complexity, even if it is valuable, should be limited to the extentthat the associated solution team remains small enough to support team atmosphere and highmotivation.We now turn to the situation of high benefits from collaborative problem solving. If teamperformance increases quadratically with team size, then it balances motivational effects: thepayoff of working hard is so high that the social dilemma does not worsen with a largening group.Only the externally given performance saturation limits team size.5. Optimal Team Size for Quadratic Performance IncreaseIf e = 1, i.e., team performance increases quadratically with the number of fully contributingmembers, we can evaluate the individual's expected discounted utility difference betweencooperation and defection analogously to Equation (7):

ΔUi (t ) = 0∞∫ {βbn [(1− (1− f c )e − α γf c (t )n ′t )2 − f c2 (e − α γf c (t )n ′t )2 ] − c}e − ′t / Hd ′t

= βbn [H − 2(1− f c ) α γf cn + 1H + 1− 2f c

2α γf cn + 1H] − cH(13)We can again consider the limiting situation where the individual is indifferent between cooperationand defection, and solve the resulting quadratic equation for a critical value of

f c. This quadraticequation has only one positive root, which implies that the individual will cooperate as long as:

f c (t ) ≥ 34 c + ( 34 c)2 + 12 cβbn [(1− cβbn ) + nα γH ] βbα γH[(1− cβbn ) + nα γH ] ≡ f crit.(14)We find that the individual still follows a barrier policy, as in the linear case. The individual is stillable to simplify the complicated decision problem, setting her effort based only on the inferredcooperation level.

20We ask again for which team size cooperation is sustainable, or for which n we have

n → ∞ lim f crit =_c^{2βbα γH}

.(15)Figure 2 shows the shape of fcrit as a continuous function of team size (ignoring the fact that in themodel only integer values of n are relevant). Only the interesting case is shown, where the limit ofthe function is below 1. The limit above 1 indicates that team economics are not viable and thatcooperation is unsustainable. The shape of the curve depends on relative parameter sizes.Numerical experiments have demonstrated that the function monotonely decreases if the peerinfluence parameter g is low and that the function "overshoots" if g is high. The initial decrease offcrit stems from low team performance associated with a small number of cooperating teammembers. Performance rapidly increases with more workers cooperating, allowing for a lowerfraction of cooperation.Figure 2 to be included about hereThe difference between fcrit for high and low g (the "overshoot" of the high influence curve) iscaused by the difference in speed of an individual defection's spread through the population (seeFigure 1). If cooperation is already high, then fast spreading defection causes a much higherdiscounted loss to the individual than a slow spread, whereas the upside is similar for both speeds,since cooperation cannot go much higher. Therefore, cooperation is more advantageous for a highinfluence parameter g (fast spread of the individual's action), resulting in a lower fcrit .We conclude from this analysis that quadratic collaboration benefits are able to balance the negativemotivational effects of team size (i.e., the increasing temptation of shirking). The cooperationbarrier fcrit does not necessarily approach one with increasing team size, and team cooperation issustainable as long as the quadratic performance increase can be maintained.As in the linear case, there is in reality a performance maximum inherent in the problem solved bythe team, and coordination costs will also prevent further increases when the team gets very large.The point here is that, in contrast to the linear case, team size is limited not by motivational effects,but only by structural limits on the ability to maintain the quadratic growth of solution speed. As inSection 4, it can be shown that an upper performance limit cuts cooperation by the team members,and that it is advantageous for the firm to actually increase team size up to that point.

21This result points to highly productive problem solving processes as a way of offering incentivesto the employees to overcome their personal cost of effort. Effective problem solving methods areof double importance : They do not only directly increase team productivity, but can also help tomitigate the social dilemma of team production.6. Summary and OutlookIn this paper we have presented an analytical model of organizational size. In contrast to existingmodels of firm size in the Industrial Organization literature, our model is not formulated in terms ofhigh level constructs (such as "loss of control"), but trades off two phenomena that influence day-to-day operations of an organization. The two phenomena are problem solving power gainedthrough collaboration in teams, and free riding when groups get large. Thus, our model hasconcrete managerial interpretations and can be applied to several layers in a firm, from the workingteam to larger structures.In particular, we introduce a concrete mechanism of team collaboration, through parallel activitycombined with frequent sharing of partial information about a problem solution. This mechanismof collaborative problem solving leads to a performance increase, measured as solution speed, thatis between linear and quadratic as a function of team size. The formulation includes explicitrepresentations of problem complexity, quality of problem solving methods, and effectiveness ofcollaboration. The model is thus applicable to many situations faced by teams in practice, fromengineering design to strategy formulation.The team is paid a linear performance bonus shared equally by all team members. Each teammember periodically sets her effort level either to contribute at the best of her ability (to"cooperate") or to "cruise" at the minimum level not recognizable as shirking (to "defect"). Theteam members' individual effort level is unobservable by colleagues or managers. An individual'sdecision about cooperation is boundedly rational, based on rewards (bonuses), the time horizon ofteam interaction and thus the size of future benefits, and by the individual's expectations aboutcolleagues' behavior. We model expectations explicitly as "bandwagon expectations": first, theindividual believes that her own actions matter less in a larger group, and second, the influence of asingle person's attitude on her peers increases with the general level of team cooperation.In this situation, the individual's cooperation decision collapses to a simple "barrier rule:" Workhard when a certain "barrier percentage" of team members work hard, and otherwise shirk. The

22influence of team size on the barrier percentage depends on the benefits of collaboration (i.e., onproblem solving methods and collaboration effectiveness): When performance grows linearly withcooperating team size, then the barrier percentage increases with team size and eventually growsbeyond 100%. Thus, cooperation is only sustainable up to a certain team size. When benefitsgrow quadratic in the number of cooperating team members, then they balance the temptation toshirk. In this case, team size is only limited by an exogenous performance saturation, such ascommunication costs or a performance maximum. This result points towards the double value ofeffective problem solving and collaboration: it increases direct productivity and mitigates the socialdilemma inherent in team production.Implicit in this model formulation is the assumption that more complex problems are more valuablefor the team to work on, or in other words, value created is proportional to time spent. That onlymakes sense as long as it is assured that problems are defined "efficiently", i.e., that they are notmade more complex than necessary. This assumption is restrictive and a consequence of ourchoice in this paper to present the model in a simple version with close form analytical exposition.Problem complexity independent of solution value, communication cost, and as other operationaldecision parameters can be explicitly incorporated in richer extensions of the model.While our model is sufficiently simple to allow analytical solutions, it includes a number ofoperational parameters of managerial interest: problem complexity, solution value, bonuses, teamhorizon and stability, individuals' cooperation cost, and expected influence of behavior on others.Thus, the model sheds, even in the present simple form, some prescriptive insight on the drivers oforganizational unit size.In addition, the basic theory outlined in this paper can be expanded to include many dimensions oforganizational design: Performance measures can be cost or output quality in addition to solutiontime. In modeling collaborative problem solving, it is possible to include the quality of solutionprocedures, quality of information exchange, organizational learning and memory, andorganizational structure. One can even model the influence of process structure on problemsolving, such as the possible extent of parallelism and the associated communication effort, or thenecessity to iterate in a multi stage project because of the quality of partial solution handed overfrom one stage to the next. This is highly relevant to modeling concurrent engineering, to nameone example. In modeling team motivation, it is possible to include employee training, companywork ethic, interactions of several organizational layers and units, and organizational changes(transfers and reorganizations).

23Simple closed form analytical solutions as in the present paper will no longer be possible in richerand generalized versions. However, dynamic simulations of system behavior are possible andhave already been built for certain aspects (e.g., [12]). Simulations can build an understanding ofbehavioral characteristics in organizations, and they can represent the dynamic evolution over timein addition to the steady state "average" behavior described in the present paper.Barron [4] calls for further development of theoretical models of organizations, on which empiricalresearch can be based. Our model offers explicit representations of collaborative problem solvingand motivation, and thus represents a step towards a Theory of Organizational Processes. Such atheory should contribute to knowledge on the performance of operational processes combined withpeople motivation and interaction. This reflects our belief that management science ultimatelyneeds to bridge the separate bodies of knowledge in organizational behavior on one side andengineering and operations management on the other.

24References[1] A. A. Alchian and H. Demsetz, "Production, Information Costs, and EconomicOrganization," American Economic Review 62, 1972, pp. 777 - 795.[2] Th. Allen, Managing the Flow of Technology, MIT Press, 1977.[3] H. L. Angle, "Psychology and Organizational Innovation," in Research on the Managementof Innovation: The Minnesota Studies, A. H. Van de Ven, H. L. Angle, and M. S. Poole,eds., Harper & Row, 1989, pp. 135 - 170.[4] T. Barron, "Impacts of Information Technology on Organizational Size and Shape: Controland Flexibility Effects," Journal of Organizational Computing 3, 1993, pp. 363 - 387.[5] J. Bendor and D. Mukherjee, "Institutional Structure and The Logic of Ongoing CollectiveAction," American Political Science Review 81, 1987, pp. 129 - 154.[6] D. S. Bree, "The Distribution of Problem Solving Times: An Examination of the StagesModel," Br. J. Math. Stat. Psychol. 28, 1975, pp. 177 - 200.[7] E. Brynjolffson and H. Mendelson, "Information Systems and the Organization of theModern Enterprise," Journal of Organizational Computing 3, 1993, pp. 245 - 255.[8] E. Brynjolffson, T. W. Malone, V. Gurbaxani, and A. Kambil, "Does InformationTechnology Lead to Smaller Firms?" Working Paper, Center for Coordination Science, MIT,1989.[9] Calvo, G. A., and S. Wellisz, "Supervision, Loss of Control, and the Optimum Size of theFirm," Journal of Political Economy 86, 1978, pp. 943 - 952.[10] S. H. Clearwater, T. Hogg, and B. A. Huberman, "Cooperative Problem Solving," inComputation: The Micro and the Macro View, Huberman, B. A., ed., World Scientific,1992, pp. 33 - 70.[11] N. S. Glance and B. A. Huberman, "The Outbreak of Cooperation," Journal of MathematicalSociology 17, 1993, pp. 281 - 302.[12] N. S. Glance and B. A. Huberman, "Organizational Fluidity and Sustainable Cooperation," inComputational Organization Theory, M. Prietula and K. Carley, eds., Erlsbaum Publishing,1994, pp. 217 - 240.[13] N. S. Glance and B. A. Huberman, "Social Dilemmas," Scientific American , March 1994,pp. 58 - 63.[14] B. A. Huberman, "The Performance of Cooperative Processes," Physica 42, 1990, pp. 38 -47.[15] B. A. Huberman and N. S. Glance, "Beliefs and Cooperation," in Modelling Rational andMoral Agents, P. Danielson ed., Oxford University Press, 1995.[16] M. Keren and D. Levhari, "The Internal Organization of the Firm and the Shape of AverageCosts," The Bell Journal of Economics 14, 1983, pp. 474 - 486.[17] S. Martin, Advanced Industrial Economics, Blackwell, Oxford, 1993.

25[18] P. Milgrom and J. Roberts, "Economic Theories of the Firm: Past, Present, and Future,"Canadian Journal of Economics 21, 1988, pp. 444 - 458.[19] J. A. Mirrlees, "The Optimal Structure of Incentives and Authority Within an Organization,"The Bell Journal of Economics 7, 1976, pp. 105 - 131.[20] O. E. Williamson, "Hierarchical Control and Optimal Firm Size," Journal of PoliticalEconomy 75, 1967, pp. 123 - 138.[21] O. E. Williamson, The Economic Institutions of Capitalism, New York, The Free Press,1985.

26Anticipated fraction of cooperation01tt+t'Df (t+t') = 1 - ecTimef (t+t')cf (t+t')c- a g f cnt'fcwith cooperation nowwith shirking now(now)g(speed of influence) Figure 1: Bandwagon Expectations About Future Cooperation

2701Team Sizen2agHc1High peer influence parameter gLow peer influence parameter gAnticipated fraction of cooperation fcFigure 2: The Cooperation Barrier as a Function of Team Size