Exploiting

Problem Structure as a Search HeuristicTad

Hogg

Xerox

Palo Alto Research Center

3333 Coyote Hill Road

Palo Alto, CA 94304, U.S.A.

hogg@parc.xerox.com

Abstract

Recent empirical and theoretical studies have shown that

simple parameters characterizing the structure of many con-

straint satisfaction problems predict whether they have a

solution and the cost to solve them, on average. This paper

examines the effectiveness of using these predictions as a

heuristic for a complete search method solving the graph

coloring problem. Speci�cally, by adding some global in-

formation on the consequences of various choices, the use

of problem structure parameters can reduce the amount of

search required to �nd a solution. Current limitations of

this approach, due to the high variance associated with the

predictions, are also presented.1. Introduction

Combinatorial search problems have easily computable

characteristics that determine, on average, both the like-

lihood they have solutions and theirhardness, i.e., the

cost to solve them with a variety of heuristic search

methods [Cheeseman et al., 1991, Culberson, 1992,

Mitchell et al., 1992, Larrabee and Tsuji, 1993, Crawford

and Auton, 1993, Williams and Hogg, 1994, Kirkpatrick

and Selman, 1994, Smith, 1994, Prosser, 1994, Hogg,

1994a]. These results provide insight into the nature of

NP-hard problems, but can they also be used as an ef-

fective search heuristic? If so, this would be a simple

domain-independent method applicable to many search

problems. On the one hand, this seems likely in that all

heuristics rely on approximate estimates of solubility and

search cost associated with various choices. Thus the use

of problem structure may usefully add global information

to heuristics that evaluate choices based on limited, local

views of the problem. However, the relation between

problem structure, solubility and hardness only holds on

average: the large observed variances indicate that any

individual problem instance can deviate signi�cantly from

the average behavior. This variance could easily render

useless any reliance on problem structure.

This issue has been successfully resolved for some ran-

dom constraint satisfaction problems (CSPs) using genetic

algorithms [Clearwater and Hogg, 1994]. In this case,

the use of problem structure to modify the search process

improved the average performance. Genetic algorithms

provide an appealing basis for the use of problem struc- ture as a heuristic because they are a statistically based

search method relying on improvements to a population

on average. Thus they are likely to be less sensitive to the

variance associated with the heuristic than, say, a conven-

tional backtrack search method.

This paper continues this line of work by evaluating

the use of problem hardness for a complete search method

based on depth-�rst backtracking. This involves extending

previously developed theories to apply to the situations

encountered during such a search, and making speci�c

choices on how to use the global information provided by

the theory. The key insight that allows for the application

of the theory is to note that at any point during a back-

track search, the remaining unassigned variables and the

constraints on them constitute a subproblem of the original

one. The theory can then be applied to this subproblem

to suggest improvements in subsequent choices. The re-

sults are evaluated empirically for the particular constraint

satisfaction problem of graph coloring.

2. Problem Structure

In this section, we relate solubility and search cost to prob-

lem structure. This gives an abrupt transition from un-

derconstrained problems that are mostly soluble to over-

constrained ones that are mostly insoluble as an easily

computed parameter is varied. In terms of search cost, the

hardest cases are concentrated near this transition for a va-

riety of search methods. For use as a heuristic, the most

accurate approach for a given class of constraint problems

is to make use of known empirical results for the loca-

tion of the transition point. However, computationally

this is cumbersome for use as a general-purpose method,

and in many cases the required empirical results are not

available, or the actual search problems could differ sig-

ni�cantly from the randomly selected ones used in most

of these studies. Hence we consider instead an approx-

imate theory [Williams and Hogg, 1992] which can be

readily applied, but does not exactly determine the transi-

tion points in particular cases. Although this would appear

to reduce the accuracy of the results, we should note that

real problems, and especially those subproblems encoun-

tered during a search, may differ from the classes of ran-

dom problems considered in these studies. This is likely to 1 make more of a difference than the relatively small error

in the location of the transition point introduced by us-

ing the theory instead of exact results, and thus provides

additional motivation for using the readily computed the-

oretical values rather than relying on a table of empirical

values 1 .

2.1 hardness theory

A constraint satisfaction problem (CSP) [Mackworth,

1987, Kumar, 1992] consists of a set of n variables, a

domain of values for each variable, and a set of con-

straints each of which restricts the allowable assignments

of values to some of the variables. Let b i be number of

values for variable i. The task is to �nd a solution, i.e.,

an assignment of a value to each variable such that all

constraints are satis�ed, or else to establish that no such

solution exists. We de�ne a state as a set of assignments,

not necessarily consistent with all the constraints, to some

of the variables. Theoretically, it is suf�cient to char-

acterize the constraints by the number m and size k of

the minimized nogoods. These nogoods are simply those

smallest subsets of all possible states in the problem that

violate at least one constraint, and are readily determined

from the nature of the constraints. The size of a nogood

is just the number of variables it gives an assignment to.

For simplicity we consider the case of binary constraints,

for which each of the nogoods involves assignments to

exactly two variables (i.e., k = 2). This is the relevant

case for the problem of graph coloring considered below.

Cases with constraints involving more variables (such as

3±SA T used in many empirical studies of the transition

behavior), as well as different-sized constraints, can be

handled as a generalization of this theory [Williams and

Hogg, 1993].

Theoretically, the search behavior is determined by the

expected number of consistent states with various numbers

of assigned variables. Because we need to allow for the

variables having different domain sizes, we present an ex-

tension to the previously developed theory [Williams and

Hogg, 1994] for this case. First, note that there are b i b j

possible minimized nogoods for variables i and j, for a to-

tal of N = P b i b j where the sum is over all distinct pairs

of variables. Equivalently N = 1 2

�

( P b i ) 2 � P b 2 i

�

, with

the sums over all variables. A given state with assignments

to j variables will satisfy all constraints provided none of

the value pairs speci�ed in the state are in the set of no-

goods for the problem. Assuming random selection of the

1 For the graph coloring problems considered here, the theory predicts the

location of the transition point to within 10±20%, and can be improved

further [Williams and Hogg, 1993].

minimized nogoods, the state is consistent with probability

pj =

� N �( j 2 ) m

�

� N

m

� (1)

This is simply the ratio of the number of ways the m

nogoods can be selected so that the given state is consistent

to the total number of ways the nogoods can be selected.

For the class of problems we consider below, generally N

will grow as O

�

n 2 �

while m grows as O(n), which gives

the asymptotic behavior

l n p j � m ln 1 �

� j

2

�

N

!

(2)

Considering a speci�c ordering on the variables, the

expected number of consistent states, or goods, with as-

signments to the �rst j variables is

Gj = Sj pj (3)

where

Sj = j Y

i =1 bi (4)

is the total number of possible assignments to the �rst j

variables. In particular, the expected number of solutions

is N s o l n = Gn. When there are few nogoods (small m),

the expected number of solutions grows exponentially with

n. Conversely, when there are many nogoods, it decreases

exponentially. Between these extremes is a transition from

mostly soluble to mostly insoluble cases whose location

is estimated by the value of m for which Nsoln = 1.

The cost for a simple nonheuristic backtrack search is

then estimated as [Williams and Hogg, 1992]

C 1s t = C

m a x (1 ; Nsoln ) (5)

where C = P G j corresponds to the search cost to �nd

all solutions. Qualitatively, C1st increases as nogoods

are added, reaches a maximum at the predicted transition

from soluble to insoluble problems, and then decreases.

For large n the terms in the sum for C grow rapidly up to

some maximum value then decline. Thus the behavior

of C can be approximated by the largest term in the

sum. This cost estimate involves more approximations

than used to determine the location of the transition point,

and moreover is associated with a large variance so even

accurate knowledge of the mean cost value of limited use

in actual searches.

Having different domain sizes introduces a new com-

plication in the theory, namely in what order one should

2

consider the variables when forming the product used in

Eq. 4. One choice is to consider �rst the variables with

the smallest value of b i , and then those with successively

larger values. This corresponds to the heuristic used in the

experiments reported below, and is a reasonable choice at

least in extreme cases. For instance, if any variable has

b i = 0 the problem clearly has no solution and such vari-

ables should be considered �rst. Then any variable with

bi = 1 has its choice forced and should be made immedi-

ately to allow possible pruning of further choices as soon

as possible (this amounts in effect to a forward propaga-

tion during the search).

2.2 an example

To make this theory more concrete, consider the case

in which all variables have either 1, 2 or 3 possible

values. This corresponds, for example, to the case of

3±coloring considered below. Let n r of the n vari-

ables have bi = r, for r = 1 ; 2; 3. In this case,

N = 1 2

�

(

P

nr r ) 2 �

P

nr r 2 �

. Ordering the variables

according to their value of bi then gives

S j =

( 1 j � n1

2 j � n 1

n1 < j � n1 + n2

2 n 2 3 j �n1�n2 n 1 + n 2 < j

(6)

To obtain a simple explicit form for the cost proxy, we

can make the additional approximation to Eq. 2: l n pj �

� m ( j 2 )

N � � mj 2

2N and hence ln G j � ln S j � mj 2

2N . The

main contribution to the overall cost C is obtained by

maximizing 2 ln Gj . With this approximation, ln N s o ln �

ln S n � mn 2

2N which can be combined with the maximum

of ln G j to give an explicit estimate for the cost ln C 1s t .

3. Improving Heuristics

with Global Information

In this section, we describe the general backtrack search

method and the decision points at which heuristics can

guide choices. We then discuss how global knowledge of

whether problems are soluble and their associated search

cost can be used.

3.1 backtrack search

There are a large variety of backtrack search methods for

CSPs [Prosser, 1993b]. These are complete, i.e., guaran-

teed to correctly determine whether a solution exists and, if

so, �nd a solution. Speci�cally, the depth-�rst chronolog-

ical backtrack procedure backtrack( state,d) oper-

ates on a state consisting of a consistent assignment to d

2

The maximum can be found explicitly sincel

n G j is piecewise

quadratic, and is thus simpler than the transcendental equation for the

maximum in the original theory [Williams and Hogg, 1992].of the variables (also called a partial solution). The pro-

cedure can be described as follows:if

( d equals n) then

return state as a solution

else

pick unassigned variable v in state

for each i that is consistent for v

s = state with v assigned value i

result = backtrack(s, d+1)

if (result is a solution) then

return result as a solution

endif

endfor

return �no solution�

endif

The search begins with a completely unassigned state and

withd set to zero.3.2 subproblems that arise during search

At each point in the search, the unassigned variables con-

stitute a subproblem remaining to be solved, in which any

values in their domains that are inconsistent with assign-

ments already made are simply excluded from consider-

ation.

As an example, the subproblem generated by assigning

a value� to the �rst variable, i.e.,v

1 = �, consists of

1. then

�

1 remaining variables

2. the sets of allowed values for each of these vari-

ables that are consistent with the new assignment,

i.e., any nogood of the formfv 1 = �; vi =� g

would remove the value � from the set of pos-

sibilities for variable i.

3. the set of minimized nogoods that do not involve

the assigned variable, and whose assignments are

allowable 3 An example is the CSP of coloring a triangle with 3

colors such that each vertex has a distinct color. Initially

we have the values (i.e., colors) f1;2;

3g for each of the

three variables (i.e., vertices of the triangle), together with

the minimized nogoods preventing any pair from having

the same color, i.e., fv 1 =c; v2

= cg for c = 1; 2; 3 and

similarly for the other pairs of variables. Suppose we

make the assignment v1 = 1. The resulting subproblem 3 If the problem has constraints among more than two variables,

the minimized nogoods of the subproblem would also include those

involving v

1

=�restricted to the remaining variables. E.g.,f v 1 = �; v2 =� ; v3 = g would become fv2 = � ; v3 = g. This

could give rise to a subproblem with nogoods of different sizes. Note

also that such nogoods arising from different constraints could be identi-

cal hence requiring a check to avoid multiple counts of the same nogood

for the subproblem. 3 has variables f v 2 ; v3 g, each with domain f2;

3g and the

remaining nogoods fv 2=

c; v 3 = cg for c = 2; 3.3.3 using heuristics

Backtracking has two natural points for using heuristics.

First is selecting the next unassigned variable to consider.

Ideally, if the previously assigned values preclude any

solution, one should select next the variable that most

rapidly leads to a con ict thereby minimizing the amount

of search required before backtracking. On the other hand,

if this search path does lead to a solution, all variables

will need to be considered eventually anyway so nothing

is lost by selecting the variable most likely to give a

con ict. A simple, and often effective, way to do this is to

pick next the variable with the fewest remaining available

assignments.

The second use for a heuristic is in the order of assigning

values to the new variable. Here we would like to �rst try

values most likely to lead to a solution, if any, consistent

with the current partial assignment. If successful, this

eliminates the need to consider additional values for the

new variable.

These two decision points complement each other. If

value selection is done well and the problem is soluble,

there will be few choices leading to deadends and back-

track. Thus it will be relatively less important for the

overall search cost that the occasional incorrect choices

are pruned quickly by good variable ordering. Conversely,

if the value selection has many errors, or the problem is

not soluble, then variable ordering will be particularly im-

portant to limit the cost of the many incorrect choices by

rapidly uncovering con icts.

3.4 using solubility and cost estimates

The potential appeal of using problem structure to deter-

mine solubility and search cost of the subproblems is that

these global quantities, if estimated well enough, can use-

fully guide the choices made during backtrack.

Consider the order in which values should be examined

for a newly selected variablev. Letp

(v =i

) be the

estimated probability that the subproblem remaining after

v is given the value i is soluble. A simple heuristic

would then be to consider the values in decreasing order of

p(v = i). More sophisticated choices could also consider

the cost estimates: in some cases it may be worthwhile to

�rst try a value with low cost even if its probability for

success is somewhat lower than some other, higher cost,

choice.

For variable ordering, we can attempt to select next the

variable that will minimize the search cost. This is most

important when the current partial assignment does not

lead to a solution. LetC (v = i) denote the cost estimate

for the subproblem that remains after v is given the value i.

If there is no solution, the total cost for selecting variable v next will be C (v) =P i

C (v = i). We can then pick the

variable that minimizes this value.

We thus see how cost and solubility information on

the subproblems arising during search can be used as a

heuristic. Note this does not require accurate absolute

cost values, rather it is suf�cient that the estimates closely

preserve the ordering of the costs of different choices,

not the actual values. This motivates using the easily

computed cost of a simple search method given in Sec. 2

because, as observed in many studies, hard cases for a

variety of search methods tend to be associated with the

same values of problem structure parameters. Moreover,

when the costs are fairly close, even the correct ordering

is not that important. Thus we are mainly interested

in estimates of the values that are suf�cient to avoid

particularly high-cost choices.

3.5 a hardness-based heuristic

There remains the question of how to best add the global

information approximately estimated by the theory to the

local information already used by a search heuristic. At

one extreme, the theory could be used to order the choices,

using local information only if there are any ties. At

the other extreme, the global information could be used

only to break any ties that arise locally. The choice of

either of these extremes, or some intermediate policy,

will depend on how accurate the global information is

relative to that obtained locally. Since the theoretical cost

estimates have a large variance which results in lower

accuracy for individual instances, a simple policy is as

follows.

For ordering the values, we rely only on the solubility

estimates provided by the theory. Speci�cally, values are

assigned 4 in order of decreasing magnitude of pn, given

by Eq. 2. Any ties are resolved by the local heuristic.

V ariable selection emphasizes choices that lead to early

failure, i.e., subproblems with no solutions. In this case

the solubility estimates of the theory are of no use and

we must instead rely on the less accurate cost proxy. In

our experiments, we used the cost proxy described in

Section 2.2 only to break ties that arose from the local

heuristic. In these cases we selected next the variable

with the lowest estimated cost.4.

Graph Coloring

Our experiments used the graph coloring problem. This

consists of a graph, a speci�ed number of colors b, and

the requirement to color each node in the graph so that no

pair of adjacent nodes (i.e., nodes linked by an edge) have

the same color. Many important A.I. problems, such as

planning and scheduling [Wood, 1969, Berge, 1973], can 4

Additional experiments based on a decreasing ordering ofN s o l n gave

similar, but slightly worse, results compared to usingpn . 4 be mapped onto the graph coloring problem. Moreover,

as a well-known NP-complete problem, graph coloring

has received considerable attention [Minton et al., 1990,

Johnson et al., 1991, Selman et al., 1992].

We use the Brelaz heuristic [Johnson et al., 1991] which

assigns the most constrained nodes �rst (i.e., those with

the most distinctly colored neighbors), breaking ties by

choosing nodes with the most uncolored neighbors (with

any remaining ties broken randomly). The colors are

considered in order1

; 2; . . . ;b and, for each node, the

smallest color consistent with the previous assignments is

chosen �rst, with successive choices made when the search

is forced to backtrack. As a simple optimization, we never

change the colorings for the �rst two nodes selected by

this heuristic. Any such changes, which could only occur

when the backtrack search has failed to �nd a solution

starting from the initial assignments for the �rst two nodes,

would amount to unnecessarily repeating the search with

a permutation of the colors.

Fig. 1. Behavior for 3±coloring of random graphs with 100

nodes as a function of connectivity in steps of 0.1, with 50,000

samples at each point. The solid curve shows the median search

cost, and the dashed one is the fraction of graphs with a solution

(ranging from one on the left to zero on the right).

For this problem, the connectivity (i.e., the average

degree of the graph) distinguishes relatively easy from

harder problems, on average [Cheeseman et al., 1991].

This is related to the number of edgese and number of

nodes n in the graph bye

= 1 2 n. Fig. 1 shows the peak

in the median search cost at =4

: 6 which is also where

the fraction of graphs with a solution drops from near one

to near zero. The peak and transition in solubility become

sharper as larger graphs are considered.5.

Experiments

The heuristics described in Section 3.5 were implemented

for graph coloring using the Brelaz method as the local

search heuristic. We measure the search cost by the num-

ber of states examined until the �rst solution is found, if

any, or until no further possibilities remain. As an imple-

mentation note, each search step gives only one additional

assigned variable. Thus the quantities needed to estimate the solubility and cost proxy do not change much. Thus

an optimized version of the heuristics could cache the re-

quired information on the subproblems, allowing for rapid

updates. Thus the overhead associated with this method

can be made a small constant factor as larger graphs are

considered. While some caching was done in the exper-

iments reported below (based on the information already

retained for the Brelaz heuristic), additional caching of in-

formation speci�c to the theory was not included, resulting

in considerably more overhead than necessary. Running

on a Sun SP ARC 10, for 100±node graphs with be-

tween 3.5 and 4.5, the program ran about 20,000 Brelaz

steps per second and 5000 steps per second when using

the hardness-based value ordering.5.1 soluble cases

A comparison of the hardness-based value ordering heuris-

tic with the standard Brelaz method for 3±coloring random

graphs that have solutions is shown in Figs. 2 and 3. In all

cases, variable ordering was that of the Brelaz heuristic.

The �gures show the cost distribution, i.e., the fraction of

samples with cost below the indicated values. This gives a

better comparison than simple aggregate measures, such as

means or medians, due to the high variance in the costs.

Note that in comparing distributions from two methods,

the lower curve indicates better performance in that there

are fewer high cost instances. For soluble problems, the

minimum possible cost value is n, obtained if all value

choices led to soluble subproblems so no backtrack is re-

quired. In particular, the �gures show that the hardness-

based heuristic produces a lower curve and increases the

likelihood of backtrack-free search. Quantitatively, the� 2 test determines the likelihood the two samples could

have come from the same distribution [Press et al., 1986].

Small values indicate the two methods are unlikely to give

the same performance distribution. For =3:

5 this shows

a de�nite improvement. Near the transition, at = 4:5

the distributions do not differ signi�cantly.

A further example, for = 5:5, is shown in Fig. 4.

With this many edges, most random graphs do not have so-

lutions. So instead, these graphs were created with a pre-

speci�ed solution (i.e., the nodes were divided into three

roughly equal sets and no edge was permitted between

nodes within the same set). This results in somewhat

easier graphs, but exhibits the same transition phenom-

enon and at approximately the same location as random

graphs [Williams and Hogg, 1994].

The behavior shown in the �gures also applies to graphs

with 50 nodes, indicating that the difference does not ap-

pear to depend greatly on the size of problems consid-

ered. The improvement is also seen in other cases includ-

ing larger domain sizes (e.g., 5±coloring), using reduction

operators [Cheeseman et al., 1991] to eliminate trivial sub-

graphs before searching, and using the somewhat harder 5

Fig. 2. Distribution of search costs for random graphs that have

a solution, n

=

1

00 and =3

: 5. These used the hardness-based

value ordering heuristic (solid curve) and the standard Brelaz

heuristic (dashed), based on 106 and 107 samples respectively.

The hardness and Brelaz heuristics respectively completed 84.7%

and 75.4% of the searches without backtracking (i.e., using 100

steps). The�

2 test gives the probability of these coming from

the same distribution as negligibly small, around 10�

4 8 00 .

Fig. 3. Distribution of search costs for random graphs that

have a solution, n = 100 and =4:5. These used the hard-

ness-based value ordering heuristic (solid curve) and the standard

Brelaz heuristic (dashed), based on 10,000 and 50,000 samples

respectively. The hardness and Brelaz heuristics respectively

completed 12.1% and 7.5% of the searches without backtracking

(i.e., using 100 steps). The � 2 test gives the probability of these

coming from the same distribution as 40%.graphs in which each node is constrained to have at leastb neighbors. These additional experiments suggest that

the improvement is robust with respect to different ways

of generating the graphs. This is particularly noteworthy

in that the theory used to derive Eq. 2 assumed simple

random problems.

In summary, the value-ordering hardness-based heuris-

tic clearly helps for under- or overconstrained examples,

but is less helpful for the transition cases. To investigate

this point further, we examined the pairwise difference

in the two search methods at

=

4

: 5, further reduc-

ing the variance between them by having both methods

use the same variable ordering choices when more than

one variable was rated equally good by the Brelaz heuris-

tic. Speci�cally, 10,000 graphs were generated, and the

cost of both search methods was recorded for each graph.

This provides a much more sensitive discrimination be-

Fig. 4. Distribution of search cost for graphs with a prespeci�ed

solution, n = 150 and = 5:5. These used the hardness-based

value ordering heuristic (solid curve) and the standard Brelaz

heuristic (dashed), based on 10 6 samples in each case. The

hardness and Brelaz heuristics respectively completed 79.8%

and 50.3% of the searches without backtracking (i.e., using 150

steps). The � 2 test gives the probability of these coming from

the same distribution as negligibly small, around 10

�45000 . tween the two methods than just the distributions shown

in Fig. 3 which include variation in individual problems

as well as between the two methods. Quantitatively, the

paired t-test [Press et al., 1986] on this data gives a prob-

ability of1

0 � 7 that the two methods produce the same

mean search cost. Combined with the slightly lowered

mean cost when using the hardness based heuristic (299

steps instead of 326 for the Brelaz heuristic), this shows

that the improvement, while smaller than for =3:5 or

= 5:5, is still statistically signi�cant.5.2 insoluble cases

For insoluble cases, value ordering is not useful: all val-

ues will need to be examined during the search. We thus

consider the use of the cost proxy for variable ordering,

speci�cally to break any ties in the variable ordering sug-

gested by the Brelaz heuristic. Comparing the distributions

for 50 and 100±node graphs with no solutions shows no

statistically signi�cant difference for equal to 3.5, 4.5

and 5.5. Nevertheless, comparing the two search meth-

ods on the same set of 100±node graphs for of 4.5 and

5.5 shows that use of the cost proxy to order the vari-

ables results in about a 5% reduction in the mean search

cost compared to the Brelaz heuristic alone. Although this

improvement is relatively small, it is statistically signi�-

cant in that the paired t-test rejects the hypothesis that the

two search methods are the same at a signi�cance level of

about 10 �2

0 . For = 3:5 almost all graphs are soluble

resulting in too few insoluble samples to make a statisti-

cally signi�cant comparison.

One possible reason for the limited improvement is the

relatively conservative use of the cost information, i.e., it

is only used when the Brelaz heuristic rates more than

one variable as equally good next choices. This results

in relatively few opportunities to actually use the cost

proxy, speci�cally in about 4% of the variable choices 6

Fig. 5. Actual values ofl

n ( C 1 s t ) vs. the estimate from

the proxy described in Section 2.2 for the 6380 subproblems

obtained during 100 searches of 200±node random graphs with

=

5

: 0. The actual search cost generally increases as the proxy

does, but with considerable variance.for the 100±node graph searches. Nevertheless, limited

experiments with exhaustive search to determine the actual

best variable choice shows that there is indeed room for

considerable reduction in search cost from simply making

better choices in the few cases where the Brelaz heuristic

results in ties. Using the cost proxy achieves only a small

portion of this potential. This is due to the large variance

in the actual costs compared to the proxy value, as shown

in Fig. 5.

In a �nal set of experiments, we examined a less conser-

vative use of the cost proxy to order the variable choices.

Speci�cally, instead of just breaking any ties among the

top rated nodes of the Brelaz heuristic, we considered all

nodes with the fewest remaining available colors and used

the cost proxy to select the next one to try. This expands

the set of nodes considered with the cost proxy (to about

8% of the variable choices for 100±node graphs) since the

Brelaz heuristic selects, from among those nodes with the

fewest remaining choices, those with the most uncolored

neighbors. For 100±node insoluble graphs with equal to

4.5 and 5.5, this gave slightly worse average performance

than the standard Brelaz method. The paired t-test in these

cases showed that this decrease in performance was sta-

tistically signi�cant with a probability of less than1

0 � 1 4

that the search methods have the same average behavior.

This further supports the observation that the cost proxy

is not suf�ciently precise to discriminate well among vari-

able choices. Instead, local information should be used

as much as possible, and the global cost proxy used only

when local information results in tied choices.6.

Discussion

In summary, solubility estimates improve the value or-

dering choices, although most usefully for problems away

from the transition region. By contrast, the cost proxy

estimate is not suf�ciently precise to more than slightly

improve the variable ordering choices. This suggests that

additional parameters for the problem structure, such as the amount of constraint clustering [Hogg, 1994b], are re-

quired to reduce the variance in the cost estimates.

A number of more general questions remain. First, since

the theory readily applies to any CSP, it is of interest to

evaluate its usefulness for other CSPs such as satis�abil-

ity (SA T) or random binary CSPs whose transition behav-

iors have been extensively studied. Second is the ques-

tion of whether this behavior can be exploited with more

complex backtrack methods [Dechter, 1986, Ginsberg,

1993, Prosser, 1993b] or problem decomposition [Freuder

and Hubbe, 1994], perhaps especially to reduce dif�-

culties that these methods can introduce [Baker, 1994,

Prosser, 1993a]. Finally, this work provides an exam-

ple of how the underlying nature of problems can be

used to devise better search methods. This thus comple-

ments other studies exploiting transition behaviors in ge-

netic algorithms [Clearwater and Hogg, 1994], optimiza-

tion problems [Zhang and Pemberton, 1994] and machine

vision [Gotsman, 1991].References

Baker, A. B. (1994). The hazards of fancy backtracking.

InProc. of the 12th Natl. Conf. on Arti�cial Intelligence

(AAAI94), pages 288{293, Menlo Park, CA. AAAI Press.

Berge, C. (1973). Graphs and Hypergraphs. North-

Holland, Amsterdam.

Cheeseman, P., Kanefsky, B., and Taylor, W. M. (1991).

Where the really hard problems are. In Mylopoulos, J. and

Reiter, R., editors, Proceedings of IJCAI91, pages 331{

337, San Mateo, CA. Morgan Kaufmann.

Clearwater, S. H. and Hogg, T. (1994). Exploiting problem

structure in genetic algorithms. In Proc. of the 12th Natl.

Conf. on Arti�cial Intelligence (AAAI94), pages 1310{

1315, Menlo Park, CA. AAAI Press.

Crawford, J. M. and Auton, L. D. (1993). Experimental

results on the cross-over point in satis�ability problems.

In Proc. of the 11th Natl. Conf. on Arti�cial Intelligence

(AAAI93), pages 21{27, Menlo Park, CA. AAAI Press.

Culberson, J. C. (1992). Iterated greedy graph coloring

and the dif�culty landscape. Technical Report TR 92-07,

Dept. of Computer Science, Univ. of Alberta, Edmonton,

Alberta, Canada.

Dechter, R. (1986). Learning while searching in constraint-

satisfaction problems. In Proc. of AAAI-86 5th Natl. Conf.

on AI, 11-15 Aug 1986, pages 178{183, Los Altos, CA.

Morgan Kaufmann.

Freuder, E. C. and Hubbe, P. D. (1994). Extracting

constraint satisfaction subproblems. In Proc. of ECAI94.

Ginsberg, M. L. (1993). Dynamic backtracking. In Hirsh,

H. et al., editors, AAAI Spring Symposium on AI and NP-

Hard Problems, pages 64{70. AAAI. 7

Gotsman,

C. (1991). A cluster detection algorithm based

on percolation theory.Pattern Recognition Letters,

12:199{202.

Hogg, T. (1994a). Phase transitions in constraint sat-

isfaction search. A World Wide Web page with URL

ftp://parcftp.xerox.com/pub/dynamics/constraints.html.

Hogg, T. (1994b). Statistical mechanics of combinatorial

search. In Proc. of the W orkshop on Physics and Compu-

tation, PhysComp94, pages 196{202, Los Alamitos, CA.

IEEE Press.

Johnson, D. S., Aragon, C. R., McGeoch, L. A., and

Schevon, C. (1991). Optimization by simulated annealing:

An experimental evaluation; part ii, graph coloring and

number partitioning. Operations Research, 39(3):378{406.

Kirkpatrick, S. and Selman, B. (1994). Critical behavior in

the satis�ability of random boolean expressions. Science,

264:1297{1301.

Kumar, V. (1992). Algorithms for constraint-satisfaction

problems: A survey. AI Magazine, 13(1):32{44.

Larrabee, T. and Tsuji, Y. (1993). Evidence for a satis�a-

bility threshold for random 3CNF formulas. In Hirsh, H.

et al., editors, AAAI Spring Symposium on AI and NP-Hard

Problems, pages 112{118. AAAI.

Mackworth, A. K. (1987). Constraint satisfaction. In

Shapiro, S. and Eckroth, D., editors, Encyclopedia of A.I.,

pages 205{211. John Wiley and Sons.

Minton, S., Johnston, M. D., Philips, A. B., and Laird,

P. (1990). Solving large-scale constraint satisfaction and

scheduling problems using a heursitic repair method. In

Proceedings of AAAI-90, pages 17{24, Menlo Park, CA.

AAAI Press.

Mitchell, D., Selman, B., and Levesque, H. (1992). Hard

and easy distributions of SA T problems. In Proc. of the

10th Natl. Conf. on Arti�cial Intelligence (AAAI92), pages

459{465, Menlo Park. AAAI Press.

Press, W. H., Flannery, B. P., Teukolsky, S. A., and

V etterling, W. T. (1986). Numerical Recipes. Cambridge

Univ. Press, Cambridge. Prosser, P. (1993a). Domain �ltering can degrade intelli-

gent backtracking search. In Proc. of IJCAI93, pages 262{

267, San Mateo, CA. AAAI, Morgan Kaufmann.

Prosser, P. (1993b). Hybrid algorithms for the con-

straint satisfaction problem. Computational Intelligence,

9(3):268{299.

Prosser, P. (1994). An empirical study of phase transi-

tions in binary constraint satisfaction problems. Technical

report, Dept. of CS, Unif. of Strathclyde.

Selman, B., Levesque, H., and Mitchell, D. (1992). A new

method for solving hard satis�ability problems. In Proc.

of the 10th Natl. Conf. on Arti�cial Intelligence (AAAI92),

pages 440{446, Menlo Park, CA. AAAI Press.

Smith, B. M. (1994). The phase transition in constraint

satisfaction problems: A closer look at the mushy region.

Technical Report 93.41, Division of AI, Univ. of Leeds,

Leeds LS2 9JT, U.K.

Williams, C. P. and Hogg, T. (1992). Using deep structure

to locate hard problems. In Proc. of the 10th Natl. Conf.

on Arti�cial Intelligence (AAAI92), pages 472{477, Menlo

Park, CA. AAAI Press.

Williams, C. P. and Hogg, T. (1993). Extending deep

structure. In Proc. of the 11th Natl. Conf. on Arti�cial

Intelligence (AAAI93), pages 152{157, Menlo Park, CA.

AAAI Press.

Williams, C. P. and Hogg, T. (1994). Exploiting the deep

structure of constraint problems. Arti�cial Intelligence,

70:73{117.

Wood, D. C. (1969). A technique for coloring a graph

applicable to large-scale optimization problems. Computer

Journal, 12:317.

Zhang, W. and Pemberton, J. C. (1994). Epsilon-

transformation: Exploiting phase transitions to solve com-

binatorial optimization problems - initial results. In Proc.

of the 12th Natl. Conf. on Arti�cial Intelligence (AAAI94),

pages 895{900, Menlo Park, CA. AAAI Press. 8